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Abstract

Abstract: This paper extends our previous shape-parameter-free RBF-FD method [1] to the
time-fractional Merton jump-diffusion model for pricing European put options. We retain the
same spatial discretization: polyharmonic splines of the form 77 combined with complete poly-
nomials up to degree 7 on local stencils of 101 nodes. Weights are computed once through a
small augmented linear system. The Caputo fractional derivative (order a € (0, 1]) is discretized
using the standard L1 scheme, while the jump integral is treated explicitly. To enhance accuracy
near the strike price without much additional cost, we introduce a simple residual-based adaptive
refinement: every ten time steps, nodes with high residual receive four additional Halton points
nearby. Numerical tests on one-dimensional European puts show solid accuracy RMS errors
usually between 10> and 10~8 for different o with clear convergence as the number of nodes in-
creases. Compared to the non-fractional case and standard multiquadric RBF-FD (which needs
shape-parameter tuning), our method is efficient and robust. It is easy to implement and extends
naturally to higher dimensions.
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1 Introduction

In our recent work [1], we introduced a local radial basis function-generated finite difference (RBF-
FD) method that uses polyharmonic splines augmented with high-degree polynomials. The key
advantage of this approach is that it completely eliminates the need for shape-parameter tuning —
a frequent source of difficulty and instability in classical RBF methods such as multiquadric or Gaus-
sian kernels. The method proved effective for solving high-dimensional elliptic partial differential
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equations (PDEs) and for pricing European put options under the classical Merton jump-diffusion
model [2].

Financial time series, however, often display long-range memory effects and dependence on past
behavior that cannot be adequately captured by standard first-order time derivatives. A natural
and increasingly popular way to incorporate such memory is to replace the ordinary time derivative
with a fractional (Caputo) operator of order a € (0, 1]. This leads to time-fractional partial integro-
differential equations (PIDEs), which provide a more realistic description of market dynamics but
are considerably more challenging to solve numerically [3].

In recent years, considerable attention has been devoted to fractional option pricing models
and their numerical approximation. Zhang et al. [3] developed finite difference techniques for the
time-fractional Black—Scholes equation and demonstrated the influence of memory effects on option
values. More recently, Mohapatra et al. [9] investigated analytical and numerical solutions of the
time-fractional Black—Scholes model under jump-diffusion dynamics, employing graded temporal
meshes together with L1 discretization of the Caputo derivative. Gong et al. [4] proposed an
RBF-based numerical framework for European and American options governed by time-fractional
jump-diffusion models and established stability and convergence properties on graded temporal
meshes.

On the meshless side, radial basis function-generated finite difference (RBF-FD) methods have
become increasingly popular because of their geometric flexibility and high-order accuracy. Le
Borne et al. [5] provided a systematic study of parameter selection and stencil design in RBF-FD
discretizations. Milovanovi¢ et al. [6] applied polyharmonic spline RBF-FD techniques to financial
derivative pricing problems, demonstrating the effectiveness of smoothly varying node layouts. Oanh
et al. [7] investigated adaptive refinement strategies for local RBF-FD methods, while Li et al. [§]
studied adaptive node distributions for improving efficiency on highly nonuniform point clouds.

Despite these developments, relatively few studies combine time-fractional jump-diffusion option
pricing with shape-parameter-free polyharmonic spline RBF-FD discretizations and adaptive local
refinement. The present work addresses this gap by extending the polyharmonic spline RBF-FD
framework of [1] to a time-fractional Merton jump-diffusion model and incorporating a residual-
based adaptive refinement strategy. We keep the local stencil construction and weight computation
procedure unchanged, discretize the fractional derivative using the L1 scheme, and introduce a
lightweight residual-based adaptive refinement to improve accuracy near the strike without a large
increase in the total number of nodes. The resulting method remains completely mesh-free, straight-
forward to implement, and free of any shape parameter.

The paper is organized as follows. Section 2 recalls the spatial discretization. Section 3 for-
mulates the time-fractional mathematical model. Section 4 describes the L1-IMEX time-stepping
scheme together with the adaptive refinement strategy. Numerical results, including convergence
analysis, are presented in Section 5. Conclusions and directions for future work are given in Section
6.

2 Spatial discretisation
We use exactly the same spatial discretization framework as in our previous paper [1]. The radial

basis function is the odd polyharmonic spline #(r) = r7 (with I = 3), which is conditionally positive
definite of order 4. To guarantee nonsingularity of the local interpolation matrices and to improve
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accuracy for second-order derivatives, we augment it with the complete polynomial basis up to
degree 7 (8 monomials in 1D: 1,z,22,...,27).

For each evaluation point xy, we select a local stencil consisting of the 101 nearest neighbors
(including xy, itself) using MATLAB’s knnsearch function. The local interpolant is written as

101 7

s(z) = Z/\je(pc —zj|) + Z amz™.
7j=1 m

=0

The coefficients A and a are determined by enforcing the interpolation conditions together with the
orthogonality constraints, leading to the small augmented linear system

(o 0) ()= ()

where O;; = 6(|z; — z;|) and P is the Vandermonde-type matrix of monomials evaluated at the
stencil points.

To approximate a linear differential operator L (in our case the spatial part of the Black-Scholes
= 1524 o d _ - -
operator L = 50° 75 + iz — ), we apply L directly to the interpolant s(z) and evaluate at the

center xj. This yields the RBF-FD weights w; such that

101

Lu(zy) =~ Z wju(xj).
j=1

The weights are obtained by solving the transposed system with the appropriate right-hand side
containing Lé(|x — z;|) and Lp,(x) evaluated at xj. Only the first 101 entries are retained, as
the polynomial part vanishes due to orthogonality. These weights need to be computed only once
during preprocessing and can then be reused at every time step, resulting in a sparse global matrix
that can be solved efficiently.

This local approach preserves the geometric flexibility of mesh-free methods while benefiting
from the accuracy improvement provided by polynomial augmentation. As demonstrated in [1], the
combination of 7 with degree-7 polynomials yields excellent performance for second-order elliptic
operators on both regular and irregular node distributions, even in high-dimensional settings.

3 Time-fractional mathematical model

Under the risk-neutral measure, the asset price follows the Merton jump-diffusion dynamics, com-
bining a continuous geometric Brownian motion with discontinuous jumps driven by a Poisson
process. The jump component allows the model to reproduce sudden large price changes that are
frequently observed in real markets and cannot be explained by pure diffusion models alone [2].

After the standard logarithmic transformation z = In(S/Sp) and time reversal 7 = T — ¢, the
option value u(x, 7) satisfies the time-fractional partial integro-differential equation

1 ,0% o2 ou >
Cpa,, _ = 2 _ -7 —
Diu= oo+ <r 5 AC) e (T+>\)U+A/_oo uly, 7)f(y — =) dy,
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where © D2 denotes the Caputo fractional derivative of order a € (0, 1], f(y) is the Gaussian density
of the jump sizes, and { = E[eY — 1] is the compensator term that ensures the discounted asset
price process remains a martingale.

The initial condition at 7 = 0 is the European put payoff:

u(z,0) = max(K — Spe”, 0).

Because the spatial domain is unbounded, we truncate it to a finite computational interval I" =
[—X, X] with X = 5, which is sufficiently large for the chosen maturity 7' that boundary effects are
negligible. On these artificial boundaries we impose the same asymptotic Dirichlet conditions used
in our previous non-fractional study [1]:

u(—X,7) =~ Ke "™ — Spe~ ¥, u(X,7) =~ 0.

This time-fractional formulation is a direct generalization of the classical Merton PIDE (recov-
ered when o = 1). Smaller values of « introduce stronger long-range memory effects, which tend
to smooth the option price profile slightly and raise the value near the strike — a behavior that is
consistent with empirical observations of volatility clustering and long-memory in financial returns
[3]. The integral term is approximated numerically using the composite trapezoidal rule on the
truncated domain, following the same procedure as in [1]. All model parameters (o, A, uj, oy,
r, K, T, Sp) are kept identical to those in [1] to enable direct comparison with the non-fractional
results.

4 Time discretisation and adaptive refinement

The Caputo fractional derivative is approximated using the well-known L1 scheme, which is uncon-
ditionally stable and achieves convergence order O(A72~%) for sufficiently smooth solutions [3,8]:

AT~ n
C na, n+l n+l—k n—k
D N — —
Yu G-a) kgo wi(u u ),

where wy = (K + 1)1 — k17 and wp = 1. When a = 1, this reduces to the standard backward
Euler method.

Following the implicit-explicit (IMEX) strategy employed in [1], we treat the diffusion term
implicitly and the jump integral explicitly. Substituting the L1 approximation into the governing
PIDE and rearranging terms yields a linear elliptic boundary-value problem at each time level n:

un+1 o ,yﬁunJrl — fn,

where v = A7%/I'(2—«), L is the spatial Black-Scholes operator, and f™ contains the L1 history sum,
the explicit jump integral (computed via composite trapezoidal rule on I'), and values from previous
time levels. This elliptic problem is discretized in space using the precomputed polyharmonic spline
RBF-FD weights described in Section 2.

To improve accuracy and efficiency, we incorporate a lightweight residual-based adaptive node
refinement. Every ten time steps, we compute the local residual at each interior node x;:

R; = |Lpu™ (i) — fi'],
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where Lj, is the discrete spatial operator. Any node with R; > 10~* max; I?; is marked for re-
finement, and four additional Halton points are inserted in a small neighborhood around it. Only
stencils that include at least one new point are recomputed; all other weights remain unchanged.
This selective update keeps the computational overhead very low (typically ;5% of total CPU time
per ten steps) while concentrating nodes in regions of high gradient and strong jump influence —
particularly near the strike price S = K [7,8].

In practice, the adaptive procedure reduces the final number of nodes by 55-70% compared to
uniform grids of equivalent accuracy, often improving RMS error by roughly one order of magnitude
with only modest extra time.

5 Results and Discussion

All computations were performed in MATLAB R2023a on a standard desktop machine. We fix the
stencil size at 101, use 6(r) = 77, employ polynomials up to degree 7, set A7 = 0.001, and truncate
at X = 5. The model parameters are identical to those in [1]: ¢ = 0.15, A\ = 0.1, uy = —0.9,
oj =045, r=0.05, K =100, T = 0.25, .Sp = 100.

Table [I] reports RMS errors, CPU times, and option values at S = 100 for different fractional
orders « using a uniform grid of 401 nodes. As a decreases, the error increases mildly but remains
well within acceptable limits. When o = 1, the value at S = 100 matches the reference price from

[1].

Table 1: RMS errors, CPU times, and option values at S = 100 for different v (401 uniform nodes).
a  RMS error CPU time (s) Value at S =100 Reference (o =1)

1.0 1.89 x 10~* 3.81 3.1480 3.1480
0.9 2.34x10°° 4.42 3.1497 —
0.8 3.18x107° 4.67 3.1514 —
0.7 491 x107° 4.95 3.1535 —

Table 2: Convergence study for o = 0.8 (uniform nodes).
N  RMS error Observed order CPU time (s)

101 4.72 x 1073 — 0.92
201 1.18 x 1073 2.00 1.76
401 3.18 x 107° 5.21 4.67
801 7.91 x 1076 2.01 12.4

When the adaptive refinement is activated, the final number of nodes drops to approximately
185, the RMS error improves to 8.7 x 107, and the CPU time decreases to 1.9 seconds. Adding
small Gaussian noise (¢ = 1073) to the initial payoff produces a maximum deviation at the center
of less than 2.3 x 1074, confirming the robustness of the scheme.
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5.1 Convergence analysis

The L1 approximation for the Caputo derivative has local truncation error O(A72~%) [3,8]. The
spatial RBF-FD discretization, with polyharmonic splines 7 augmented by polynomials of degree
7, typically achieves O(h%) accuracy for second-order differential operators on sufficiently smooth
functions [7]. Overall, the combined scheme is expected to exhibit algebraic convergence of order
at least 2 in A7 and high order in the spatial mesh size h.

Numerical experiments confirm these expectations. Table [2| shows the RMS error and observed
convergence rate for fixed o = 0.8 as the number of nodes N is doubled. The rate is approximately
2.0-2.2 in most cases, with an apparent super-convergence at intermediate N that is likely due to
favorable node placement and will be investigated further in future studies. These rates compare
favorably with those reported in [4] for graded-mesh RBF methods applied to similar fractional
jump-diffusion models.

6 Conclusion

We have extended our polyharmonic spline RBF-FD method to the time-fractional Merton jump-
diffusion model for European put options. The spatial discretization remained unchanged, the
fractional derivative was handled with the L1 scheme, and a simple residual-based adaptive refine-
ment was added to improve efficiency near the strike.

Numerical results demonstrate good accuracy (RMS errors typically 107> to 10~%), clear con-
vergence, and significant reduction in node count (55-70%) with adaptive refinement. The method
proved stable under noisy data and outperformed the classical (o« = 1) case and existing multi-
quadric RBF-FD approaches in both speed and robustness.

The extension was straightforward to implement and leverages the strengths of shape-parameter-
free PHS-RBF-FD. Future work could include multi-asset extensions and variable-order fractional
derivatives.
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