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Abstract

Abstract: In the present paper, we introduce a multi-quintic-sextic mapping as a system of func-
tional equations taken from quintic and sextic functional equations. We describe the structure
of such mappings and characterize them. In other words, we show that each multi-quintic-sextic
mapping can be unified as a single equation. In the special cases, such mappings are multi-quintic
and multi-sextic. Furthermore, by a classical direct (Hyers) method of stability, we establish the
stability of multi-quintic-sextic mappings in the setting of Banach spaces.
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1 Introduction

In 1940, for the first time, Ulam [I] proposed a stability problem, asking whether every approxi-
mately homomorphic mapping between groups must be near to a homomorphism. One year later,
Hyers [2] provided an affirmative answer to the Ulam’s question in Banach spaces by applying
the so-called direct method, thereby establishing the foundation of the stability theory of functional
equations. In 1950, Aoki [3] and in 1978, Rassias [4] significantly extended Hyers’ result by using the
direct method and weakening the condition on the bound of the Cauchy difference; the generalized
outcome of the former results can be found in [5]. After that, the stability of Ulam-Hyers-Rassias
for various functional equations on miscellaneous spaces have been studied by numerous authors
which are available in literature. Furthermore, in recent years, the characterization and stability
problem for multiple variable mappings with their solutions have been explored by the authors;
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multi-additive [6l [7], multi-quadratic [8, @, 10, 11], multi-cubic [12, 13] and multi-quartic mappings
[14]. For multi-additive-quadratic mapping, we refer to [15].
Regarding quintic functional equations, Xu et al. [16] introduced the quintic functional equation

fBx+y) —5f(2x +y)+f(2x —y) +10f(x +y) —5f(z —y)
=10f(y) + f(3x) — 3f(2z) — 27f(x) (1)

and obtained its general solutions. Moreover, they established the stability of in the setting of
quasi-S-normed spaces. Next, Cho et al. [I7] presented the quintic functional equation

2Q(2z +y) +2Q(2x — y) + Q(z + 2y)+Q(z — 2y)
=20[Q(z +y) + Q(z — y)] +90Q(x), (2)

and then explored the Hyers-Ulam stability of in quasi-S-normed spaces setting.
In [I6], for the first time, Xu et al. found the general solution of the sextic functional equation

flz+3y) —6f(x+2y)+15f(z +y) — 20f(z) + 15f(z — y)
=6f(z —2y) — f(z—3y) + 720 (y). (3)

They also studied the Ulam stability problem for in quasi-B-normed spaces via a fixed point
method. A new form of the sextic functional equation is

S2x+y)+ S(2x —y) + S(x+2y) + S(x — 2y)
— 20[S(r + ) + Sz — y)] + 90[S(x) + S, (1)

which was introduced by Ravi et al. [I§].

Motivated by the quintic functional equation , Bodaghi et al. [19] introduced multi-quintic
mappings those fulfill in each component and included a characterization of such mappings.
Furthermore, they established the Hyers-Ulam stability for multi-quintic mappings by applying
the fixed point method in normed spaces. Moreover, in [20], the first author defined the multi-
sextic mappings (taken from ) He also showed that every multi-sextic mapping can be shown
a single functional equation and vice versa (under some extra conditions). Next, he proved the
Hyers-Ulam and Gavruta stability for the multi-sextic mappings in non-Archimedean normed and
quasi-S-normed spaces.

Following [20] and [19], in the current work, for two linear spaces V and W, we define a multi-
quintic-sextic mapping I' : V* — W as a system of functional equations which is quintic in each of
some k (k < n) variables and sextic in each of the other variables. We represent each multi-quintic-
sextic mapping as an unified single equation. Moreover, by a classical direct (Hyers) method of
stability, we establish the stability of multi-quintic-sextic mappings in the setting of Banach spaces.

2 Representation of multi-quintic-sextic mappings

We begin this section with the definition of multi-quintic-sextic mappings. Throughout this section,
V and W are linear spaces and k € {0,1,...,n}.
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Definition 2.1. A mapping ® : V" — W is called k-quintic and n— k-sextic or multi-quintic-sextic
if it satisfies the system of the equations as follows:

Q[F(wl, . ,wi_1,2wi +w,€,wi+1, . ,wn) -I—F(wl, PN ,wi_1,2wi — wg,wiﬂ, . ,wn)]
+F(w1, e, Wi—1, W5 +2w£,wi+1, c. ,wn) —i—F(wl, e, Wi—1,W; — 2w§,wi+1, . ,wn)

= 20[F(w1, ey, Wi—1, W +w§,wl~+1, N ,wn) +F(w1, ey Wi—1,W; — wg,wi_ﬂ,. . ,wn)]
+90F(w1, e Wi, Wi, Wi T, . ,wn) (Z S {1, .. .,k}),

F(wl, e, Wi, 2w —|—w§,wi+1, - ,wn) —i—F(wl, ey Wi 1, 2w —wg,wzqu, R ,wn)
—|—I‘(w1, ce,Wis1, Wi + 2w£,wi+1, .. ,wn) —|—F(w1, e, Wi, Wy — 2w;,wi+1, c. ,wn)

= 20[F(w1, e, Wi—1, Wy —|—w§,wi+1, c. ,wn) —|—I‘(w1, e, Wi, Wy — wg,wiﬂ,. .. ,wn)]
—|—90[F(w1, e W1, Wiy Wi, e - ,wn) —I—I‘(wl, oo ,wi,l,wg,wiﬂ,. .. ,wn)],

forie {k+1,...,n}.

Note that in the definition above, ® is quintic in each of some k variables (see equation ([2))) and
is sextic in each of the other variables (see equation (4])). In this note, we suppose for simplicity
that @ is quintic in each of the first k variables and is sextic in each of the other variables but
one can obtain analogous results without this assumption. Let us note that for K = n and k£ = 0,
the above definition leads to the multi-quintic and multi-sextic mappings, respectively (see [20] and
[19]). For example, the function ® : R” — R defined through ®(ay,...,a,) = Hle | a?a?
is a multi-quintic-sextic function.

We denote V" sometimes by V¥ x V"%, For i € {1,2}, we put vz[k] = (vi1,...,vix) € VF and
vz[n_k] = (Vigt1---,Vin) € Vrk. Let vgk],vgd € VF. Assume that t1,to € Ny = N{J{0} with
0 <ty,to < k. Set Yk = {mk = (Vvl, ey Vk)| V} € {Ulj + V25, U1j + 2’[)2]',111]'}, where j € {1, ey ki}
Consider the subset Vélh) of V¥ as follows:

Vél’w) = {%k S Vk‘ Card{Vj . Vj = 1‘1]'} = tl, Card{Vj . V] = ’Ulj + Ugj} = tg} y
where Card(2 is the cardinality of a set 2. Moreover, we put
Vn_k = {mn_k = (Vk—l—h ceey Vn)’ ‘/3 S {’Ulj, V24, U1j + V25, U1j + 2’[)2]‘}} ,

for all j € {k+1,...,n}. In addition, for s; € Ny with 0 < s; < n, where [ € {1, 2,3}, consider the

subset V?_k of V" F ag follows:
51,52,53)

VZ?S:,IZQ,Sg) L= {mnfk [= V’ﬂ*k’ Card{% N V7 = ’Ul]} — 517Card{‘/"j : V7 — UQ_]} — 827
Card{Vj : Vj = v1j £ vg;} = s3}.

From now on, for a mapping ® : V* — W, we remark

(Al) ® (Ul[k]’ V(ri‘;’;%sa)) = Zmn_ke\/"*k ¢ (Uz[k]vmn—k>§

(s1,52,53)

(A2) @ (V(’ftm),vgn"ﬂ) D D (fnk,vz[""“});

(t1,t2)
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Zm _REV™T (%ka mn—k)

(s15 52 s3)

n—k
(AS) (V(h t2)’ V(s1,52 83) ) kaev

In the upcoming result, we show that every multi-quintic-sextic mapping ® : V* — W can be
represented as the equation

2 3 @ (2] + ql)
qe{_lvl}n
k k—t1 n—k n—k—s1 n—k—s1—s2

=X XX X X (s gotte e (VL V)

t1=0t2=051=0 s2=0 s3=0
(5)

(t1,t2)

for all o, vl" € V7, where ® (V( ) is defined in (A3).

n—k
t1,t2)? 7 (s1,52,53)

Definition 2.2. We say a mapping ® : V* — W has the m-power property in the I*" variable if
¢(wla sy W1, 2wlvwl+17 ce ,Wn) = 2WL(I)(UJL sy W1, WL W - - - awn)v
for all wy,...,w, € E. 5-power and 6-power properties sometimes are called the quintic and the

sextic properties.

For a mapping ® : V* — W, we consider the following properties.
(P1) @ (v[”]) = 0 for any v[™ € V™ with at least one component which is equal to zero;
(P2) @ has the quintic property in the first k& variables;
(P3) @ has the sextic property in the last n — k components;

Remark 2.3. If a mapping ® : V* — W has properties (P2) and (P3), then property (P1) holds
for it, but converse is not true in general.

In the next theorem, we give a representation of multi-quintic-sextic mappings.

Theorem 2.4. Let ® : V" — W be a k-quintic and n— k-sextic mapping. Then, I fulfills equation
(). The converse is true if ® has properties (P2) and (P3).

Proof. For k € {0,n} the result follows from [20, Theorem 2.2] and [19, Theorem 2]. We now obtain
the result when k € {1,...,n — 1}. For any v["~* € V=% define the mapping D ik VE— W
by @, (n-# (v[k]) =& (v[k], v["_k]) for all v/¥l € V*. By the assumption, ® (- is k-quintic and so
one can find from [19, Theorem 2] that

k—t1
k k -
5 b bl - 5 5 0 o (4,0
ge{-1,1}* 1=012=0

for all v% },vg e vk, By the last equality, we have

k k-t
2k Z & <2’U£k] + qv [n k]) Z Zl k ti—t2 o 90t1 % 201‘/2@ (V(tl t2)7 [n k]), (6)
qE{fl,l}k t1=0t2=0
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for all vg ],Ugc] e VFk and vl"=* € v*=k_ Further, for any vl¥l € V¥, define the mapping Do
vV F — W via DM (v[”_k}) =0 (v[k], v[”_k]), where v[*H € Y*~k Our assumption implies that
® is an n — k-sextic mapping and therefore by [20, Theorem 2.2], we get

Z D (221[” ] —I-qv[n k])
qe{-1,1}"*

n n—k—syn—k—si—ss2

— Z Z Z (_1)n—k—sl—32—33 % 9081+82 % QOSS(I)U[k] (Vn k >

(s1,82,83) (7)
s1=0 s9=0 s3=0
for all vgn_k},vgn_k] V"~F. By the definition of ®,w and equality , we obtain
Y oe (Um’ 20l | ol k])
qe{flvl}n_k

n n—k—s; n—k—s1—s2

=3 ) D (Fyrhmmes gt x 2083@( R Vi )

(s1,52,83) (8)
s1=0 s9=0 s3=0
for all fug }, én M e yr=Fk and olF € V*. Plugging @ and , we reach to 1'

Conversely, assume that " satisfies . It follows from Remarkthat (P1) is valid for ®. Putting
x[Qn_k] = 0, in the left side of (5)) and using (P3), we get

ok x 96(n—k)  gn—k Z P (21)5@ + qvgk],vgn k}) — 9Tn—6k Z P (21)%] + qvgg],vgn k}) ,
qe{-1,1}* ge{-1,1}*

9)

m—times

/_A‘ . . . .
where 0,,, = [ 0,...,0 |. The same replacement (as in the above) in the right side of (5) can be

repeated to obtain

k k—t1 n—k n—k—sq

ey x ()m)

53
t1=0t2=0s1=0 s3=0

(1) 9T s g s 2014 5 290 (Vo)
1,t2

< " k > (—1)F0t s 38R 90 2020 (V) o)
k k—t1

= 2T ST (1) 00" x 202 (V) 00 ).

Comaring relations @ and ((10), we arrive at

k—t
2 3 @ (20 gl o) = Z S (1) 00t x 20 (VEriy ot ™).
qe{-1,1}* t1=0 t2=0
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for all Ug ], vgﬂ] € V" and v[ln_k]

of the k first variables. Once more, by putting vgﬂ = 0y in , we get

ok 5 95k Z @( (k] In=H] qvgb—k})

€ V"%, In view of [19, Theorem 2], we see that ® is quintic in each

qE{ 1,1}k
k k—t1 n—k n—k—s1 n—k—s1—s9 L e — t
Yy Yy (tl)( 2"
1=0t2=051=0 s9= S3=

( 1)n—t1—t2—81—82—83 % 2k t1—t2 % 90t1+81+82 % 20t2+83 % 2t2(1) ,Ul Vn k
? 7 (51,52,83)

Similar to the above and by a routine computation, one can show that

qe{-1,1}*
n—k n—k—sy n—k—s1—s2—s3

-3 ¥ S (e g wo20ma (of, Vi Y

s1=0 s9=0 s3=0

for all v[lk] € V" and U[n ] vg K € Vin—kl, By the hypothesis and [20, Theorem 2.2], ® is sextic in
each of the last n — k variables. The proof is now complete. |

3 Stability results for (5))

In this section, we prove the Hyers stability of equation by the direct method in the setting of

Banach spaces.
For a mapping ® : V* — W, we use the difference operation I' : V* x V*» — W as follows:

ro (o o) =2t 3 @ (207 + qul)
ge{-1,1}"
k k—t1 n—k n—k—s1 n—k—s1—s2

— Z Z Z Z Z ( 1)n*t1*t2*51*52*83 x gQirtsitsz o opt2tssp (V(tl 2 V&;’ZQ}Q)) ,

t1=0t2=051=0 s2=0 s3=0

for all v% ], [ V", where ® (V(tl £2)" VZ;IZQ 33)) is defined in (A3).

In the next theorem, we bring Hyers stability result for equation by the direct way which is
our main result in this section.

Theorem 3.1. Let § € [0,00), V be a linear space over the rationals and W be a Banach space.
Suppose that ® : V" — W is a mapping satisfies (P1) such that

Hrcp (o1, of )H <4, (11)
for all fugn],vgl] € V™. Then, there exists a solution Fj : V" — W of such that
@ (v0) = 75 (1) | < 2n+k(2ﬁi_k 1 (12)
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for all v € V™. Moreover, if Fy fulfills (P2) and (P3), then it is a unique multi-quintic-sextic
mapping satisfying . In particular,

1) if k = n, then there exists a unique multi-quintic mapping Q : V" — W such that
(i)

o (1) -2 ()] < gy

for all v € V7;

(ii) if k =0, then there exists a unique multi-sextic mapping S : V" — W such that

& (o) =5 ()] < g

for all vl" € Y7,

Proof. Putting vgn] =0, in , we have
H2’“ x 2 (201") — ape (o) H <, (13)

[n]

for all v;" € V", where

k k—t1
A=) ( t’j ) < g t_ztl ) (—1)khimte o gkmhimh g0l i 20%2 x 22

t1=0t2=0
and
n—k n—k—s;
_ n—k n—k— 51 n—k—s1—s n—k—s1—s s s s
M_ZOZO< . >< . )(—1) 1753 5 9 L1753 5 901 x 20%% x 2%
s1=0 s3=

By a routine computation, One can find that A\ = 2% and = 27, For the rest of proof, we use

vl instead of U[ln}. It follows from relation and last equalities that

for all v} € V", and so the above inequality can be rewritten as

9t (27)["}) _ 9™ (UW) H <

1)

¢@WU@@m)

26n7k

for all vl € V. Substituting v[") into 20/ in and repeating it, we obtain

RSN

Jj=l

d (2mv["]) (0] (211)["])
9(6n—kym  9(6n—Fk)l
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my[n]
for all v") € V* and m > 1 > 0, and so the sequence {m} is Cauchy by . Since the
space W is Banach, there exists a mapping F; : V" — W such that

Jim S = (). (e, (9

Letting [ = 0 in ), taking the limit as m — oo and applying , we see that inequality
holds. Interchanging (UE },vgﬂ) with ( [n] , 2™ [n]) in and dividing both sides by 2(6n—k)m

we obtain

WHM’ (2mef 2mef) | < 221161~c)

Taking the limit as m — oo in the last inequality and using , we arrive at I'F (Ugn]wén]) =0,

for all v[ln},vgd € V", and thus F; is a solution of |) Assume now that JF7 satisfies (P2) and
(P3), then it is a multi-quintic-sextic mapping by Theorem Let now §; : V* — W be another
multi-quintic-sextic mapping satisfying . Then, we have

b (o) ()
- ot 7 ) 5 )|

it (13 ) - o i) s o o) -3 o)
= 2(6"2—k)m X 2n+k(26i—k; 1y

IN

for all v[") € V. Letting m — oo in the above inequality, we have F, = ¥, and therefore the
solution is unique. This finishes the proof. |
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