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Abstract

Abstract: This paper considers linear objective function optimization under the bipolar system
of fuzzy relation equations constraints defined by the max-Hamacher family of t-norms, which
is a parametric family of continuous strict t-norms whose members are decreasing functions of
the parameters. It is demonstrated that the feasible solution set is represented as the union of
a finite number of closed convex cells that are not necessarily connected. In order to determine
the feasibility of the proposed system, some necessary and sufficient conditions are derived based
on the bipolar FRE constraint defined by the max-Hamacher t-norm. Therefore, the feasible
solution set for the problem is completely identified. Also, some simplification techniques have
been introduced to accelerate the solution of the current problem, and an algorithm has been
developed accordingly in order to identify feasible regions. To further clarify the approach
presented in the paper, a step-by-step example is presented in several sections.
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1 Introduction

Fuzzy relational equation (FRE) is an expanded version of a Boolean relation equation, initially
developed by Sanchez for medical diagnosis [1]. Since then, FRE has been applied to a wide range of

*Corresponding author: a.ghodousian@ut.ac.ir

49


https://doi.org/10.1000/182.abc123

Amin Ghodousian et. al.

fields. Accordingly, when the rules of inference are applied and their corresponding consequences are
known, the problem of determining antecedents is simplified and mathematically reduced to solving
an FRE [2]. Solvability identification and finding a set of solutions are primary and fundamental
matters concerning FRE problems. Di Nola et al. proved that the solution set of FRE (if it is
non-empty), defined by a continuous max-t-norm composition, is often a non-convex set. This
non-convex set is completely determined by one maximum solution and a finite number of minimal
solutions [3]. Non-convexity is one of two bottlenecks contributing to the complexity of FRE-related
problems, particularly optimization problems involving fuzzy relations. In addition, finding minimal
solutions to FREs is another bottleneck. Chen and Wang [4] presented an algorithm for obtaining
the logical representation of all minimal solutions and indicated that a polynomial-time algorithm
to find all minimal solutions to FRE may not exist. Also, Markovskii showed that solving max-
product FRE is closely related to the covering problem, which is a type of NP-hard problem [5]. In
fact, the same result holds for more general t-norms instead of the minimum and product operators
[6], [7], [8]-

Max-Hamacher t-norms are decreasing functions of the parameter o and each member of this
family is in fact a strict t-norm [9]. In [10], some novel operational rules for hesitant fuzzy sets
were presented by applying the Hamacher t-norm and t-conorm, in which a family of hesitant
fuzzy Hamacher operators was proposed for aggregating hesitant fuzzy information. It was found
that monotonic alternative scores can be obtained through the use of Hamacher arithmetic and
geometric aggregation in [11]. As well, they investigated the relationship between alternative scores
generated by Hamacher’s arithmetic and geometric aggregate operators. As described in [12], the
authors examined the general parametric Hamacher t-norm, in which the free parameter influences
the quality of modeling and the learning capability of the system.

Bipolar fuzzy relation equations were also generalized by the FRE concept. The concept of
bipolarity is deeply rooted in the human understanding of information and preferences [13]. Dubois
and Prade have presented an overview of the asymmetric bipolar representation of positive and
negative information in possibility theory [14]. They have shown that the possibility theory frame-
work is convenient for handling bipolar representations, which were applied to distinguish between
negative and positive information in preference modeling [13], [14]. The linear optimization of bipo-
lar FRE was further the focus of a study conducted by some researchers where FRE was defined
with max-min [15], [16], max-product [17], and max-Lukasiewicz composition [18], [19], [20], [21].
In [15], the concept of bipolar FRE was firstly proposed with a max-min composition where the
constraints are expressed as max}_, {max {mz’n {ajj, l‘j} ,Min {a;j, 1-— x]}}} fori=1,...,m,
where al'-;,ai_j,avj € [0,1]. In a separate study, the described bipolar linear optimization problem
was solved by an analytical method based on the resolution and some structural properties of the
feasible region (using a necessary condition for characterizing an optimal solution and a simpli-
fication process for reducing the problem) [19]. However, a resolution method for obtaining the
complete solution set of bipolar max-Lukasiewicz FRE was not found in the mentioned works [20].
In addition, in [22], the authors studied bipolar FREs defined by max-strict t-norms. Based on
the constraints of the problem, they categorize them into four groups, each requiring a different
approach to find the corresponding feasible solution set. Further, the article [23] considered a broad
range of Archimedean t-norms. The basis of their analysis to resolve the problem was the use of
the additive generator f,, and pseudoinverse fé_l) of each t-norm, and by utilizing the branch-and-
bound method, they tried to prune non-optimal branches.
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This paper studies bipolar FRE linear optimization problems using the following mathematical
model:

min Lz
Ator VA p(l—2)=10b (1)
x € [0,1]"
where AT = (a%)mxn and A~ = (a%)mxn are fuzzy matrices and b = (b;),,,; is a fuzzy vector

such that 0 < a;; <10 < ai_j < land 0 < b <1 foreach i € & = {1,2,...,m} and each
j€ ¥ ={1,2,...,n}, respectively. Also, the constant vector ¢ = (c;),,,.;, the sum vector 1 (each
component of the vector is equal to one) and the unknown vector = (z;), ., are in R". Moreover
 denotes max-Hamacher composition, that is,

0 , a=rz=y=0
a+(1—a)(z+y—zy) otnerwise
in which @ > 0. The constraints in Problem (1) mean:
max’;:l {maaz {Tﬁ (a;;,:nj) ,TH <a;j, 1-— ajj>}} =b Vies (2)
and we have:
) j j
TIa{(az—‘i_‘ x ) = alx;
7’ J i7" .
at(1—a)(a,,+ao,—aha;) otherwise
and
0 , a=a;=(1-2;)=0
Ti(a;,1—x;) = 1z
(4 %) 2 (%) otherwise

at(1-a)(a;+(1-zj)—a;(1-z;)) '

The following summarizes the rest of the paper. Section 2, presents a preliminary description
of strict bipolar FREs using the Hamacher t-norm, including definitions, concepts, and properties.
Section 3, presents the identification of the feasible solution set of the original problem, along with
two derived necessary conditions for its feasibility. Further, a necessary and sufficient condition
is provided to ensure that a given point is feasible for Problem (1) or not. Section 4 describes
five simplification rules introduced to accelerate the resolution process by reducing the size of
the problem, followed by an algorithm for the resolution of the feasible regions of the current
optimization problems. In Section 5, the Problem (1) is solved by finding the local optima and
the global optimal solution as the local optimum with the smallest objective function value, and in
Section 6, the whole use of the approach is presented in a step-by-step example.

2 Preliminary definitions and properties

At first, this section will describe the feasible solution set for max {TI‘} (ajj, l‘j) T (a;j, 1-— $j) } =

b; where a®, a~ and b are fixed scalars in [0,1], z € [0,1] and T denote Hamacher t-norm.
Then, the feasible solution set of the equation is completely characterized for each i € .# and each
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j € 7. Then, based on the results of this section, the feasible region of Problem (1) is deter-
mined in the next section. In order to ensure simplicity, let S; be the feasible solution set of the
7’th equation; that is, S; = {x € [0,1]™: max;_, {max {TO‘ ( U,@) Ty (a;j, 1-— x]>}} = bi}.
As well, let S (AT, A7,b) be the feasible solution set for Problem (1). Hence, it is clear that
S(AT,A,b) = ﬂz‘e/ S;.

Definition 2.1. For each i € / and each j € _Z, we define SJr ={z € [0,1] : T%(a;; a;;, ) = bi}
and S;; = {z € [0,1] : Ta( a;;,1 —x) = b;}; that is, SZ"; and SZ] denote the feasible solution
sets of the equations TH( xz) = b; and Tf(a;;,1 —x) = b;, respectively. Furthermore, define

I ={x €[0,1] : Tf(a}; )”<7 bi} and I;; = {x e”[b 1]: Tg(ag;, 1 —x) < bi}.

2]7

According to Definition 2.1, it is easy to verify that S+ - IJr and S CI; Vie S andVje ¢.

Also, the following results are directly obtained from [24] and Deﬁmtlon 2.1:

S.Jf:{{v;; ,aj;gb» I+ [O,UM} ,a;;Zbi
K %) cal < b T 0,1 al < b
) ] [ ] ) g _1 (3)
o {{1—%} gz {[1—%,1] Ja;; > b,
ij @ sa;; < b & [0,1] s G5 < b

where ng = ([a+ (1 - a)a;;]bi)/(a;; —(1—a)(1- aJ;)bi) and v;; = ([a+ (1 — a)a;;]b;)/(a;; — (1 —

a)(1 = ag;)b;).
Definition 2.2. For each i € .# and each j € ¢, we define

Sijz{me[O,l]:maX{Tf}( a;;, ) TH< a;,1— )}:bi}
Iij:{xE[O,l]:max{TI%( af, ) TH< ”,1—:3)}3172-}.

Lemma 2.3. (a) I;; = I{; NI;. (b) Sij=1;;N (S;jr U S;)

and

Proof. (a) The proof is easily resulted from Definitions 2.1 and 2.2. (b) According to Definition
22,z ¢ 8 it Th (a;?,ag) < b, Ty (ai_j,l —acj) <b (ie, x € I;;- ﬂIZ.; = I;;) and at least one
of the two equalities Tf‘[( ;;, ) = b, (e, z € S;;) and T (ai_j,l —l‘j>} = b; (e, x € 5)
holds.

The following are the results obtained from (3) and Lemma 2.3, identifying S;; and I;; for all
cases.

Corollary 2.4. Suppose thati € 7,j € .

(a) Ifa;; <b; and a;; < b, then I;; = [0,1] and S = @.

(b) Ifajj > b; and a;; < bi, then I;; = [0 v; }(md Sij = {v; .

71]
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(c) If a;; > b; and a;; < bi, then I;; = {1 —vi;,l} and Si; = {1 — v}

{1—v b U{vj} s > 11—y
- o+ +
{1 — Uij,vij} Uy S 1=

(d) Ifajj > b; and a; = b, then I;; = [1 —vi;,vz-ﬂ and S;; = {
J

Definition 2.5. For each j € ¢, we define I~ (j) = {z €S ta; > bi}, It(5) = {z €I ajj > bi}
and I = (;c s Lij. As well, define Sj; = S;;N1;, Vi€ ¥ and Vj € 7.
Remark 2.6. By Corollary 2.4 and Definition 2.5, it follows that I; = [L;,U;|, Vj € ¢, where

L]: m&XieI—(]‘) {1—'07;} ,I_(j)
0 A (j) =2

RIS

o [minerg {vi} 10 #2
) Jj —
1 TH(j) =2

Example 2.7. Considering Problem (1) with the Hamacher t-norm where:

0.24 0.06 1.00 0.53 0.00 0.65 0.08 0.20 0.41 0.06 0.83 0.78
0.85 048 0.06 0.63 0.70 0.25 0.35 0.51 0.25 0.35 0.78 0.04
At =035 023 0.05 058 0.00 0.80 |, A~ =] 0.53 0.03 0.14 0.00 0.01 1.00
0.00 0.82 0.30 0.55 0.89 0.65 0.81 0.00 0.32 0.72 0.34 0.36
0.13 0.10 0.12 0.46 0.11 0.04 0.15 0.35 0.21 0.28 0.40 0.33

b" =[080.509040.3 |
In this example, .# = {1,2,...,5}, # = {1,2,...,6} and we use the max-Hamacher t-norm 7%

(that is continuous and strict) with o = 2. So, we have Th(z,y) = % For i = 1 and
j = b, we have ai,) = 0.00, a;; = 0.83 and by = 0.8. So, from Corollary 2.4 (c) we obtain
Iis = [1 —vg5,1] = [0.03,1] and S15 = {1 — vz} = {0.03}. Tables 1 and 2 show all the sets I;;

and S;; for each i € . and j € _Z, respectively. Further, by Definition 2.5 and Tables 1 and 2, it
can be easily calculated that Is = (), , Iis = [0.32,0.48] and S75 = S15 N Is = {0.3} N [0.32,0.48].
Tables 3 and 4 show all the sets I; and ng for each ¢ € ¥ and j € _Z, respectively.

3 Resolution of the feasible solution set

The following lemma presents two necessary conditions for the feasibility of the Problem (1).

Lemma 3.1. (a) If S(AT,A7,b) # @, then I; # @,Vj e #. (b) If S(A",A™,b) # &, then for
each i € .7, there exists at least one j; € # such that SZ{]-Z_ # .

Proof. (a) Suppose that z € S (A", A7,b) and I, = @ for some jo € #. Hence, there exists
ip € F such that x ¢ I ;, (Definition 2.5). So, from Definition 2.2, we have max{Tj; (a;-;jo, a:j()),
TH (ai_ojo,l —xj())} > by,, that implies = ¢ S;). So, from S (AT, A7,b) = (),c, Si, we obtain
r & S (A", A™,b) that is a contradiction. (b) Assume that z € S (AT, A=, b) and there exists some

io € S such that S] ; = @, Vj € 7. So, x; & S; ; = Si; N 1j, Vj € # (Definition 2.5). Now, if

z; ¢ I, for some j € ¢#, then from Part (a) we obtain S (A", A~,b) # @, that is a contradiction.
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On the other hand, if x; ¢ S{ cand xj € I;, Vj € _Z, then it is concluded that z; ¢ S;,;, Vi € #,
that implies max {T;; (a;;j, ) TH( 103,1—%-)} < by, ¥j € ¢ (Definition 2.2). Therefore,
r ¢ S;,, that contradicts the assumption that x € S (AT, A~ b). |

The following lemma provides a necessary and sufficient condition ensuring that a given = €
[0,1]™ is feasible for the Problem (1).

Lemma 3.2. Let x € S (A1, A™,b) if and only if the following statements hold true:
(I) z;el;,Vje 7.
(II) For each i € &, there is at least one j; € # such that xj, € ngj.

Proof. Suppose that x € [0,1]" satisfies the conditions (I) and (II). So, from the condition (I) and

Definitions 2.2 and 2.5, we have x; € I;; and therefore max {Tfj (a;, ) TH (am, 1-— xj)} < b;,

Vi € . and Vj € # . On the other hand, from the condition (II), and Definitions 2.2 and 2.5,
for each i € .# we have max {TO‘ ( g2 & ) TH (a;j_,l —xji>} = b; for some j; € _#. Conse-
quently, for each i € £, it is concluded that max’_, {max {TO‘ ( ;i j> T <a;j, 1-— x])}} =
max {T“ ( 0 T > TH ( —.1 —:ch)} = b;. Thus, x € S;, Vi € .7, that implies x € (), ,5; =
S (AT, A™,b). The converse statement is obtained by reversing the argument. |
Corollary 3.3. For eachi € .7, x € S; if and only if xj € I;;, Vj € #Z, and there is at least one
ji € F such that x;, € Sj;..

Definition 3.4. For each i € .#, we define ¢; = {j € 7 Szfj #* @}. Similarly, for each j € ¢#,
define .#; = {z €S8 ;é@}

Definition 3.5. A function e (on .#) will be considered admissible function if e(i) € _#;(e), Vi € .7,
where

(a) Jile) = A1
(b) Fi(e,i)={ke S :1<k<iande(k)=j},Vje 7 andViec S —{1}.

(©) File) =i € Fi: Fj(e,i) = 2 o S0 (Mo Sty ) # @), Vi € 5 = {1},
Accordingly, let E be the set of all admissible functions. Thus, we can represent each e as the vector

e =[j1,...,Jm) in which e(i) = j;, Vi € .¥.

Definition 3.6. For each e € E, let Zj(e) = {i € .7 : e(i) = j} and S(e) be the set of all the
vectors © = (z1,...,%,) such that

z; € { Nicrye) S5 7i(e) f g

; lg vies @

Corollary 3.7. Let e : .9 — U;cs Fi be a function so that e(i) € #;, Vi € #. Then, e € E if
and only if ﬂlefj(e ,; 7 D for each j € 7 such that Fi(e) # 2.
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Remark 3.8. By Corollary 3.7, the number of admissible functions is limited to [ [, »» [ #;|, where
| #i| indicates the cardinality of _#;. In practice, the precise number of admissible functions is, in
most cases, much less than this value.

The following theorem determines the feasible solution set of the Problem (1) by using the
admissible functions.

Theorem 3.9. S (AT, A7,b) = .cp S(e).

Proof. Let x € |J.cpS(e). So, x € S(eg) for some ey € E. Hence, according to (4), for each
j € F we have either x; € (Nic s (o) Si; (if Fj (o) # @) or z; € I (if 7} (eo) = @). But, since
Si; = Sij N I; (Definition 2.5), from x; € ﬂz’efj(eo) S}; it is obtained again z; € I;. Consequently,
xzj € I;, Vj € #. On the other hand, from Definition 3.5 we have eg(i) = j; € Zi(eo) C 7
(Vi € ), which implies %}, (eg) # @, and therefore from (4) we have z;, € ﬂkeﬂj.(eo) S € Siji-
Hence, x;, € S;, Vi € .#. Now, Lemma 3.2 requires that = € S (AT, A™,b). Conversely, let
r € S(AT,Ab), Fi(x) = {Z €S xj€ Sl{j} and Z;(z) = {j € 7 :xj¢€ ng}. So, for each
i € Jj(x) and each j € Zi(z), we have S;; # & that means j € Z; (Definition 3.4). Also, Lemma
3.2 implies that #;(x) # @, Vi € #. Without loss of generality, let j; = min #;(x) and eo(i) = j;,
Vi € . Therefore, eg is a function on .# such that

60(i> = ]z c fi, Vi € .¥ (5)
Moreover, we have

%(60) #@7 Vj € {]177.7771} and ‘ﬂj(eo) =4, V.] € /_{jla"-ajm} (6)

In addition, if j, € {j1,...,Jm} and k € .7}, (eq) (i.e., eo(k) = jp), then by our definition it follows
that j, = min #;(x) which means x;, € S,’ij. Hence, it is concluded that

M IS m ng, Vj € {]ha]m} (7)
1€.7;(eo)

Consequently, by Corollary 3.7 and (5) - (7) we have eg € E. Also, since z € S (AT, A™,b), then
xzj € I;, Vj € # (Lemma 3.2). Particularly, z; € I;, if .#; (eg) = @. This fact together with (4),
(6) and (7) imply x € S (eg). [ |

Example 3.10. Consider the problem stated in Example 2.7. According to Definition 3.4 and
Table 4, we obtain ¢ = {3}, %> = {1,5}, 73 = {6}, Z4 ={1,2,4,5,6} and Z5 = {2,4}. Hence,
according to Remark 3.8, the number of admissible functions is bounded above by [[,c , | | =1 x
2x1x5x2=20. Now, noting Definition 3.5 and Corollary 3.7, consider functions e; = [3,1,6, 1, 4]
and ez = [3,5,6,2,4] from . to (J;c , i so that ey(i) € #; for any i € .# and p € {1,2}. So,
e1(2) = e1(4) = 1 and #y (e1,4) = {1} (Definition 3.5 (b)). Also, S5, = {0.62} and S); = {0.46}
(see Table 4). Therefore, .74 (e1,4) # @ and S5 N (ﬂk€ﬂ4(61,4) S,/€4> = S5 NSy, = @, which implies
1 ¢ Zi(e1) (Definition 3.5 (c)). As a result, since e1(4) =1 ¢ _#4(e1), based on Definition 3.5 it
follows that e; is not admissible. However, es is indeed an admissible function and accordingly, the

three conditions of Definition 3.5 hold for es. Hence, from Definition 3.6, S (e3) is calculated as the
Cartesian product S (e3) = [0.46,0.62] x {0.53} x {0.80} x {0.74} x {0.31} x {0.10}.
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4 Simplification techniques

The purpose of this subsection is to describe some simplification techniques that can be used to
accelerate the determination of the feasible region. In this section, Sg; (AT, A, b) indicates the
feasible region of the reduced problem obtained by removing the i’th equation from Problem (1).

Lemma 4.1. Suppose that S (A", A~,b) # @ and ig € .&. If x € Sy (AT, A7,b), then x; € I,
Vj e Z. Particularly, x; € I;y;, Vj € 7.

Proof. From Theorem 3.9, Sg;y (AT, A7,0) = U cpr S (¢'), where E' is the set of all the restrictions
of admissible functions e € E to .# — {ig}. So, for each z € Sy;y (A*, A7, b), there exists at least
one e, € E’ such that z € S (ef,). Now, from (4), for each j € # we have either z; € ﬂiefj(eg) Si;
or ; € I;. But, in the former case, since Sz(j = S;; N I; (Definition 2.5), we have again x; €
nie,ﬂj (e)) Si; € Ij. Consequently, z; € I; (and therefore z; € I;,; from Definition 2.5),Vj € #. W

Corollary 4.2. Suppose that S (AT, A7,b) # @ and there exist ig € & and jo € # such that

Stvjo = Lig- Then, the ig 'th equation is a redundant constraint and it can be deleted.

Proof. Let z € S0y (AT, A™,b). From Lemma 4.1, zj, € I, and z; € I,,;, Vj € _#. But, since

Stojo = Ljos then zj, € Ijy = S ., and therefore from Corollary 3.3 it follows that z satisfies the
19 th equation. |

Corollary 4.3. Suppose that S (A', A™,b) # @ and there exists jo € # such that I, = {k} is a
singleton set. Then, xj, = k for each feasible solution x. Also, the jo’th column and any equation
9 such that k € 5’1’-0]-0 can be removed from the problem.

Proof. For any x € S(AT,A™,b), Lemma 3.2 implies z;, € I;, = {k}, i.e., zj, = k. Now, from
Lemma 4.1, if 2 € Sp; ) (A*, A7, b), then x; € 5, Vj € #Z (*1). But, since k € S} ; , then we have
Styjo # 9, that together with S; . = Siyj, N Ij, and I, = {k} imply S; ; = {k}. Consequently,
zj, € Sjj, (*2). Hence, from (*1),(*2) and Corollary 3.3, it follows that z satisfies the ig’th
equation. m

Corollary 4.4. Suppose that S (AT, A,b) # @ and there exist igp € & and jo € # such that
Sio = {jo} and S} ;, = {k} are singleton sets. Then, x;, = k for each feasible solution x. Also,
the jo’th column and any equation i such that k € ngo can be removed from the problem.

Proof. If € S(A*",A7,b), then from Lemma 3.2, there exists at least one j € _# such that
zj € Sj ;. But, since Z, = {jo}, we have necessarily zj, € 5 ; = {k}, that means z;, = k.
Moreover, suppose that ¢ € . and k € ngo. If z € Sgyy (AT, A7,b), then x satisfies the ip’th
equation, and therefore we must have z;, = k € ngo. Also, from Lemma 4.1, x; € I;;, Vj € 7.

Hence, Corollary 3.3 implies that = also satisfies the i’th equation. |

Corollary 4.5. Suppose that S (AT, A7,b) # @ and there exist i,i9 € & such that Si; € Sijs
Vi€ 7. Then, the igth equation is a redundant constraint and it can be deleted.

Proof. If x € Sg;iy (AT, A7, b), then by Lemma 4.1, we conclude that x; € I;y;, ¥j € # (*1). Also,
from Lemma 3.2, there exists at least one j; € _# such that z;, € ;.. But, since Sj; C 5] ;, then we

i0j?
have z;, € S ; (*2). So, (*1), (*2) and Corollary 3.3 imply that x satisfies the io'th equation. M
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Corollary 4.6. Suppose that S (AT, A™,b) # @ and ig € &. If by, =0, then the iy th equation is
a redundant constraint and it can be deleted.

Proof. Let x € Sy (AT, A7,b). We shall show that z also satisfies the ip’th equation. From
Lemma 4.1, z; € I;, Vj € #(*1). Also, since S (AT, A~,b) # &, there exists at least one jo € 7
such that S . # @ (Lemma 3.1 (b)). On the other hand, since b;, = 0, then we have S; . = I;yj,
which together with I, C Ij, (Definition 2.5) and (*1) imply zj, € S; ; (*2). Now, the result
follows from (*1),(*2) and Corollary 3.3. |

The following algorithm summarizes the preceding discussion.

Algorithm 1: Resolution of Problem (1)
Input : Given Problem (1):
Output: The optimal value z*
1 Compute sets I;;, S;j, I; and Sl{j for each i € .# and each j € # (Corollary 2.4 and
Definition 2.5).

2 if [; # @ for some j € 7, And Sj; # @ for some i € Y and each j € 7 then

3 Determine as many variables as possible using the simplification rules. Remove the
redundant equations and the corresponding columns from the problem.

4 Calculate S(e) for each admissible function e € E of the remaining problem (Definitions

3.5 and 3.6). Assign the variable values found in Step 6 to S(e).
Generate the feasible solution set S (A*, A~,b) by ,cp S(e) (Theorem 3.9).

Assign x* (e;) to the objective function, and the minimum objective value is the optimal

solution.
7 end

8 else
9 ‘ Stop; the problem is infeasible (Lemma 3.1).
10 end

5 Local and global optimal solutions

As mentioned before, by considering f is a linear and continuous function, that is non-decreasing
(non-increasing) in z;, Vj € #+ (Vje #7).

Definition 5.1. Suppose that S (AT, A=, b) # @. For each e € F, we define z*(e) = (z*(e)1,...,z*(€)n)
where for each j € ¢, components z*(e); are defined as follows:

min{ﬂiejj(e)sgj} ,j€ ZT and F(e) #
. L; ,j € 771 and .7
w*(e)j =1 " } d jE
J
(

e

e

RIS

max{ﬂieﬂj(e) S! ,j€ Z~ and .9

%]
%]
(8)
1]
Uj ,j€ 7 and Sj(e) =2

)
)
)
)

where L; and Uj; are the lower and upper bounds of I; = [L;, U;|. Also, define F* = {z*(e) : e € E}.
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The following theorem states that any z*(e) is a feasible local optimal solution of the problem
(1).
Theorem 5.2. Suppose that S (AT, A™,b) # @.(a) F* C S(AT,A™,b).(b) z*(e) is a global opti-
mum in S(e)

Proof. (a) Let z* (eg) € F* (for some ey € E). So, from (4) and (8), it follows that z* (eg) €
S(eo) € U.epS(e). Hence, by Theorem 1, it is concluded that F* C S (A%, A7,b). (b) Let
z € S(e). So, from (5) and (9), we have x*(e )J <uwzj,Vje 1 and z; <z*(e);, Vj € # . Hence,
f(z*(e)) < f(z) for any x € S(e). [ |

Theorem 5.3. Suppose that S (AT, A,b) # @ and S* denotes the set of optimal solutions for
Problem (1). If f (z* (¢*)) = min{z*(e) : e € E}, then x* (€*) is a global optimal solution of Problem
(1).

Proof. Let x € S (AT, A~,b) be an arbitrary feasible solution. We shall show that f (z* (e*)) < f(z).
From Theorem 3.9, x € S (eg) for some ey € E. So, theorem 5.2 requires f (z* (eg)) < f(x), which

together with f (x* (e*)) < f(x* (eo)) imply f (z* (e*)) < f(z). [

Based on 5.2, z*(e) is a local optimal solution, Ye € E. So, Theorem 5.3 further provides a
necessary optimality condition stating that if x* is an optimal solution of the Problem (1), then it
must belong to F*. Thus, each solution z*(e) € F* is an optimal candidate solution. As well, the
global optimal value is calculated as f (z* (¢*)) = min {z*(e) : e € E}.

6 Numerical example

Consider the problems in Examples 2.7 and 3.10. Here are the steps according to Algorithm 1:

Step 1 Tables 1 and 2 show all the sets I;; and S;; for each 7« € .# and j € _#, respectively. In
both tables, row i (i € .#) corresponds to equation ¢ and column j (j € _#) corresponds to variable
xj. By Table 1 and Definition 2.5, all the sets I; are shown in Table 3 for each j € ¢ . Also, all the
sets ng (Vi €  and Vj € #) are summarized in Table 4 by using Table 2, Table 3 and Definition
2.5.

Table 1: Sets I;; for each i € ¥ and j € 7.

[0,1] [0,1] [ [0,0.80] [0,1] 0.03, 1] [0,1]
[0,0.62] [ [0.10,1] | [0, 1] [0,0.84] | [0.31,0.76] | [0, 1]

[0,1] [0,1] [0,1] [0,1] [0,1] [0.10, 1]
[0.46,1] [ [0,0.53] | [0,1] | [0.38,0.79] | [0,0.46] | [0,0.68]

[0,1] [[0.09,1] | [0,1] [0,0.74] [0.17,1] | [0.06,1]

Step 2 From Table 3, it is clear that I; # @, Vj € Z.

Step 3 As it was described in Table 4, for each i € .# there exists at least one j; € _# such that
Sl # 0.
Ji
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Table 2: Sets S;; for each i € # and j € ¢Z.

%) %) {0.80} %] {0.03} 7]
{0.62} | {0.01} | @ {0.84} {0.31,0.76} | @

%] 1] %) @ @ {0.10}
{0.46} | {0.53} | @ | {0.38,0.79} {0.46} {0.68}

o [{009}] o {0.74} {0.17} {0.06}

Table 3: Sets I; = [L;, U;] for each j € 7.
| [0.46,0.62] | [0.09,0.53] | [0,0.80] | [0.38,0.74] | [0.31,0.46] | [0.10,0.68] |

Table 4: Sets S;; for each i € # and j € 7.

1% 1) {0.80} & ) %)
{0.62} %) %) @ {0.31} @

%) %) @ @ @ {0.10}
{0.46} | {0.53} o | {0.38} | {0.46} | {0.68}

%) {0.09} %) {0.74} 7] 7]

Step 4 Since #; = {3} is a singleton set (see Table 3) and 0.80 € I3 = [0,0.80] (see Table 4),
Corollary 4.4 indicates that x3 = 0.80 for each feasible solution x (particularly, 2§ = 0.80 for each
optimal solution z*). Also, column 3 and both rows 2 can be removed from the problem. Although,
by this simplification technique, the upper bound of the number of admissible functions is still 20
(Example 3.10) as J[;c (13 [ 7] = 2 x 1 x4 x 2 = 20; that is [E[|< 20. simillary, according to
Table 4, it turns out that _#3 = {6} and S55 = {0.10} are singleton sets and 0.10 € Is = [0.10,0.68].
Thus, z¢ is assigned to xg = 0.10, and also column 6 and rows 3 can be deleted by Corollary 4.4.
Consequently, we have Hz‘ef—(l,s) | Zil = 2 x4 x2 =16 and |E|< 16. So, after applying the
above simplification rules, columns {3,6} and rows {1, 3} are deleted and we obtain z% = 0.80 and
z§ = 0.10. Therefore, the reduced matrices Atand A~, and the right-hand-side vector b become

0.85 0.48 0.63 0.70 0.35 0.51 0.35 0.78 0.5
At =10.00 0.82 055 089 |, A~ = 0.81 0.00 0.72 034 |, b= | 0.4
0.13 0.10 0.46 0.11 0.15 0.35 0.28 0.40 0.3

The current matrices Atand A~ are equivalent to three rows (rows 2, 4 and 5 in the main problem)
and four columns (columns 1,24 and 5 in the main problem). Furthermore, Table 4 is updated as
follows:

Table 5: Sets Sj; for each i €  and j € 7.

[062] | o o | {0.31}

{046} | {0.53] | {0.38} | {0.46}
o [ {0.09) [ {074} | @
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Step 5 and 6 Based on the results obtained in the previous step, we have |E|= 16. The admissible
functions e € F are obtained from Table 5 as follow:

e1 =1[1,1,2], e =[1,1,3], e = [1,2,2], e4 = [1,2,3], e5s = [1,3,2], eg = [1,3,3], er =[1,4,2], eg =
[1,4,3]

€g — [4,1,2], €10 — [4,1,3], €11 — [4,2,2], €12 = [4,2,3], €13 — [4,3,2], €14 — [4,3,3], 6[15] ==
[4,4,2], e1g = [4,4,3)].

Therefore, by Definition 3.5 we determine that epc(45789,10,12,13} is admissible, whereas the
remainder is not. So, by Definition 3.6, and when we assign variables 25 = 0.80 and x§ = 0.10,
their corresponding sets S(e) are as follows:

S (eq) = {0.62} x {0.53} x {0.80} x {0.74} x [0,1] x {0.10}

e5) = {0.62} x {0.09} x {0.80} x {0.38} x [0,1] x {0.10}

e7r) = {0.62} x {0.09} x {0.80} x [0,1] x {0.46} x {0.10}
)
)

S(

(

(es) = {0.62} x [0,1] x {0.80} x {0.74} x {0.46} x {0.10}
(e9) = {0.46} x {0.09} x {0.80} x [0,1] x {0.31} x {0.10}
(e10) = {0.46} x [0,1] x {0.80} x {0.74} x {0.31} x {0.10}
(
(
Th

e12) = [0,1] x {0.53} x {0.80} x {0.74} x {0.31} x {0.10}
e13) = [0,1] x {0.09} x {0.80} x {0.38} x {0.31} x {0.10}
Therefore, from Theorem 3.9, S (AT, A™,b) = Uicta57,89.1012,13) 5 (€3)-

S
S
S
S
S
S

Step 7 Assume that the objective function of Problem (1) is defined as the linear form f(z) =
> j-1¢jzj, where ¢; € R, Vj € Z. So, it is clear that It ={je F:¢;>0}and F~ =
{j € 7 :¢; <0}. For instance, consider the problem stated in Examples 2.7 and 3.10 with the
following objective function:

f(x) =3x1 + 2x9 — w3 — 4wy + 25 + 276

In this example, we have ¢+ ={1,2,5,6} and ¢~ = {3,4}. To calculate z* (¢;), we obtain:
2*(eq) = [0.62,0.53,0.8,0.74,0.31, 0.1]

2*(e5) = [0.62,0.09, 0.8, 0.38,0.31,0.1]
x*(e7) = z*(eg) = [0.62,0.09,0.8,0.74,0.46, 0.1]
*(eo) = 2*(e10) = [0.46,0.09, 0.8, 0.74, 0.31,0.1]
#*(e12) = [0.46,0.53,0.8,0.74,0.31,0.1]

x*(e113) = [0.46,0.09,0.8,0.38,0.31,0.1]
Also, the objective values of the above local optimal solutions are computed as

f(z*(eq)) =0.2
f(z*(e5)) =0.32
f(z*(er)) = —0.97
f(z (e9)) = —1.6
f (l‘* (612)) = —0.28

f (.CU* (613)) =-1.16
So, by Theorem 5.3, the global minimum solution of the problem is z* (eg) with an optimal

value of f (z* (eg)) = —1.6.
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7 Conclusion

In this paper, an algorithm was introduced for finding a global optimal solution to linear problems
under a system of bipolar fuzzy relation equation constraints defined by the max-Hamacher family
of t-norms. The analytical properties of the bipolar FREs constraints were studied, and the feasible
solution set of the problem was completely identified by a finite number of compact sets, which
may not be connected. Two necessary feasibility conditions and a necessary and sufficient condition
were also included to determine the feasibility of the problem. Moreover, it was proved that the
problem has a finite number of local optimal solutions, and a global optimal solution is actually
the local optimum with the smallest objective function value. In addition, some simplification rules
have also been proposed to speed up the problem-solving procedure.
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