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Abstract

Abstract: This paper considers linear objective function optimization under the bipolar system
of fuzzy relation equations constraints defined by the max-Hamacher family of t-norms, which
is a parametric family of continuous strict t-norms whose members are decreasing functions of
the parameters. It is demonstrated that the feasible solution set is represented as the union of
a finite number of closed convex cells that are not necessarily connected. In order to determine
the feasibility of the proposed system, some necessary and sufficient conditions are derived based
on the bipolar FRE constraint defined by the max-Hamacher t-norm. Therefore, the feasible
solution set for the problem is completely identified. Also, some simplification techniques have
been introduced to accelerate the solution of the current problem, and an algorithm has been
developed accordingly in order to identify feasible regions. To further clarify the approach
presented in the paper, a step-by-step example is presented in several sections.
Keywords: Bipolar fuzzy relational equations, Hamacher max-t-norms, Strict t-norm, Local
optimal solution, Global optimization, Linear optimization
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1 Introduction

Fuzzy relational equation (FRE) is an expanded version of a Boolean relation equation, initially
developed by Sanchez for medical diagnosis [1]. Since then, FRE has been applied to a wide range of
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fields. Accordingly, when the rules of inference are applied and their corresponding consequences are
known, the problem of determining antecedents is simplified and mathematically reduced to solving
an FRE [2]. Solvability identification and finding a set of solutions are primary and fundamental
matters concerning FRE problems. Di Nola et al. proved that the solution set of FRE (if it is
non-empty), defined by a continuous max-t-norm composition, is often a non-convex set. This
non-convex set is completely determined by one maximum solution and a finite number of minimal
solutions [3]. Non-convexity is one of two bottlenecks contributing to the complexity of FRE-related
problems, particularly optimization problems involving fuzzy relations. In addition, finding minimal
solutions to FREs is another bottleneck. Chen and Wang [4] presented an algorithm for obtaining
the logical representation of all minimal solutions and indicated that a polynomial-time algorithm
to find all minimal solutions to FRE may not exist. Also, Markovskii showed that solving max-
product FRE is closely related to the covering problem, which is a type of NP-hard problem [5]. In
fact, the same result holds for more general t-norms instead of the minimum and product operators
[6], [7], [8].

Max-Hamacher t-norms are decreasing functions of the parameter α and each member of this
family is in fact a strict t-norm [9]. In [10], some novel operational rules for hesitant fuzzy sets
were presented by applying the Hamacher t-norm and t-conorm, in which a family of hesitant
fuzzy Hamacher operators was proposed for aggregating hesitant fuzzy information. It was found
that monotonic alternative scores can be obtained through the use of Hamacher arithmetic and
geometric aggregation in [11]. As well, they investigated the relationship between alternative scores
generated by Hamacher’s arithmetic and geometric aggregate operators. As described in [12], the
authors examined the general parametric Hamacher t-norm, in which the free parameter influences
the quality of modeling and the learning capability of the system.

Bipolar fuzzy relation equations were also generalized by the FRE concept. The concept of
bipolarity is deeply rooted in the human understanding of information and preferences [13]. Dubois
and Prade have presented an overview of the asymmetric bipolar representation of positive and
negative information in possibility theory [14]. They have shown that the possibility theory frame-
work is convenient for handling bipolar representations, which were applied to distinguish between
negative and positive information in preference modeling [13], [14]. The linear optimization of bipo-
lar FRE was further the focus of a study conducted by some researchers where FRE was defined
with max-min [15], [16], max-product [17], and max-Lukasiewicz composition [18], [19], [20], [21].
In [15], the concept of bipolar FRE was firstly proposed with a max-min composition where the

constraints are expressed as maxnj=1

{
max

{
min

{
a+ij , xj

}
,min

{
a−ij , 1 − xj

}}}
for i = 1, . . . ,m,

where a+ij , a
−
ij , xj ∈ [0, 1]. In a separate study, the described bipolar linear optimization problem

was solved by an analytical method based on the resolution and some structural properties of the
feasible region (using a necessary condition for characterizing an optimal solution and a simpli-
fication process for reducing the problem) [19]. However, a resolution method for obtaining the
complete solution set of bipolar max-Lukasiewicz FRE was not found in the mentioned works [20].
In addition, in [22], the authors studied bipolar FREs defined by max-strict t-norms. Based on
the constraints of the problem, they categorize them into four groups, each requiring a different
approach to find the corresponding feasible solution set. Further, the article [23] considered a broad
range of Archimedean t-norms. The basis of their analysis to resolve the problem was the use of

the additive generator fφ and pseudoinverse f
(−1)
φ of each t-norm, and by utilizing the branch-and-

bound method, they tried to prune non-optimal branches.
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This paper studies bipolar FRE linear optimization problems using the following mathematical
model:

min cTx

A+φx ∨A−φ(1− x) = b

x ∈ [0, 1]n
(1)

where A+ =
(
a+ij

)
m×n

and A− =
(
a−ij

)
m×n

are fuzzy matrices and b = (bi)m×1 is a fuzzy vector

such that 0 ≤ a+ij ≤ 1,0 ≤ a−ij ≤ 1 and 0 ≤ bi ≤ 1 for each i ∈ I = {1, 2, . . . ,m} and each
j ∈ J = {1, 2, . . . , n}, respectively. Also, the constant vector c = (cj)n×1, the sum vector 1 (each
component of the vector is equal to one) and the unknown vector x = (xj)n×1 are in Rn. Moreover
φ denotes max-Hamacher composition, that is,

φ(x, y) = Tα
H(x, y) =

{
0 , α = x = y = 0

xy
α+(1−α)(x+y−xy) , otherwise

in which α ≥ 0. The constraints in Problem (1) mean:

maxnj=1

{
max

{
Tα
H

(
a+ij , xj

)
, Tα

H

(
a−ij , 1 − xj

)}}
= bi ,∀i ∈ I (2)

and we have:

Tα
H(a+ij , xj) =

0 , α = a+ij = xj = 0
a+ijxj

α+(1−α)(a+ij+xj−a+ijxj)
, otherwise

and

Tα
H(a−ij , 1 − xj) =

0 , α = a−ij = (1 − xj) = 0
a−ij(1−xj)

α+(1−α)(a−ij+(1−xj)−a−ij(1−xj))
, otherwise

The following summarizes the rest of the paper. Section 2, presents a preliminary description
of strict bipolar FREs using the Hamacher t-norm, including definitions, concepts, and properties.
Section 3, presents the identification of the feasible solution set of the original problem, along with
two derived necessary conditions for its feasibility. Further, a necessary and sufficient condition
is provided to ensure that a given point is feasible for Problem (1) or not. Section 4 describes
five simplification rules introduced to accelerate the resolution process by reducing the size of
the problem, followed by an algorithm for the resolution of the feasible regions of the current
optimization problems. In Section 5, the Problem (1) is solved by finding the local optima and
the global optimal solution as the local optimum with the smallest objective function value, and in
Section 6, the whole use of the approach is presented in a step-by-step example.

2 Preliminary definitions and properties

At first, this section will describe the feasible solution set for max
{
Tα
H

(
a+ij , xj

)
, Tα

H

(
a−ij , 1 − xj

)}
=

bi where a+, a− and b are fixed scalars in [0, 1], x ∈ [0, 1] and Tα
H denote Hamacher t-norm.

Then, the feasible solution set of the equation is completely characterized for each i ∈ I and each
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j ∈ J . Then, based on the results of this section, the feasible region of Problem (1) is deter-
mined in the next section. In order to ensure simplicity, let Si be the feasible solution set of the

i’th equation; that is, Si =
{
x ∈ [0, 1]n : maxn

j=1

{
max

{
Tα
H

(
a+ij , xj

)
, Tα

H

(
a−ij , 1 − xj

)}}
= bi

}
.

As well, let S (A+, A−, b) be the feasible solution set for Problem (1). Hence, it is clear that
S (A+, A−, b) =

⋂
i∈J Si.

Definition 2.1. For each i ∈ J and each j ∈ J , we define S+
ij = {x ∈ [0, 1] : Tα

H(a+ij , x) = bi}
and S−

ij = {x ∈ [0, 1] : Tα
H(a−ij , 1 − x) = bi}; that is, S+

ij and S−
ij denote the feasible solution

sets of the equations Tα
H(a+ij , x) = bi and Tα

H(a−ij , 1 − x) = bi, respectively. Furthermore, define

I+ij = {x ∈ [0, 1] : Tα
H(a+ij , x) ≤ bi} and I−ij = {x ∈ [0, 1] : Tα

H(a−ij , 1 − x) ≤ bi}.

According to Definition 2.1, it is easy to verify that S+
ij ⊆ I+ij and S−

ij ⊆ I−ij ,∀i ∈ I and ∀j ∈ J .
Also, the following results are directly obtained from [24] and Definition 2.1:

S+
ij =

{
{v+ij} , a+ij ≥ bi

∅ , a+ij < bi
, I+ij =

{[
0, v+ij

]
, a+ij ≥ bi

[0, 1] , a+ij < bi

S−
ij =

{
{1 − v−ij} , a−ij ≥ bi

∅ , a−ij < bi
, I−ij =

{[
1 − v−ij , 1

]
, a−ij ≥ bi

[0, 1] , a−ij < bi

(3)

where v+ij = ([α + (1 − α)a+ij ]bi)/(a+ij − (1 − α)(1 − a+ij)bi) and v−ij = ([α + (1 − α)a−ij ]bi)/(a−ij − (1 −
α)(1 − a−ij)bi).

Definition 2.2. For each i ∈ I and each j ∈ J , we define

Sij =
{
x ∈ [0, 1] : max

{
Tα
H

(
a+ij , x

)
, Tα

H

(
a−ij , 1 − x

)}
= bi

}
and

Iij =
{
x ∈ [0, 1] : max

{
Tα
H

(
a+ij , x

)
, Tα

H

(
a−ij , 1 − x

)}
≤ bi

}
.

Lemma 2.3. (a) Iij = I+ij ∩ I−ij . (b) Sij = Iij ∩
(
S+
ij ∪ S−

ij

)
.

Proof. (a) The proof is easily resulted from Definitions 2.1 and 2.2. (b) According to Definition

2.2, x ∈ Sij iff Tα
H

(
a+ij , xj

)
≤ bi, T

α
H

(
a−ij , 1 − xj

)
≤ bi (i.e., x ∈ I+ij ∩ I−ij = Iij) and at least one

of the two equalities Tα
H

(
a+ij , xj

)
= bi (i.e., x ∈ S+

ij ) and Tα
H

(
a−ij , 1 − xj

)}
= bi (i.e., x ∈ S−

ij )

holds. ■

The following are the results obtained from (3) and Lemma 2.3, identifying Sij and Iij for all
cases.

Corollary 2.4. Suppose that i ∈ I , j ∈ J .

(a) If a+ij < bi and a−ij < bi, then Iij = [0, 1] and Sij = ∅.

(b) If a+ij ≥ bi and a−ij < bi, then Iij =
[
0, v+ij

]
and Sij = {v+ij}.
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(c) If a−ij ≥ bi and a+ij < bi, then Iij =
[
1 − v−ij , 1

]
and Sij = {1 − v−ij}.

(d) If a+ij ≥ bi and a−ij ≥ bi, then Iij =
[
1 − v−ij , v

+
ij

]
and Sij =

{
{1 − v−ij}

⋃
{v+ij} , v+ij > 1 − v−ij[

1 − v−ij , v
+
ij

]
, v+ij ≤ 1 − v−ij

.

Definition 2.5. For each j ∈ J , we define I−(j) =
{
i ∈ I : a−ij ≥ bi

}
, I+(j) =

{
i ∈ I : a+ij ≥ bi

}
and Ij =

⋂
i∈I Iij . As well, define S′

ij = Sij ∩ Ij , ∀i ∈ I and ∀j ∈ J .

Remark 2.6. By Corollary 2.4 and Definition 2.5, it follows that Ij = [Lj , Uj ], ∀j ∈ J , where

Lj =

{
maxi∈I−(j)

{
1 − v−ij

}
, I−(j) ̸= ∅

0 , I−(j) = ∅
, Uj =

{
mini∈I+(j)

{
v+ij

}
, I+(j) ̸= ∅

1 , I+(j) = ∅

Example 2.7. Considering Problem (1) with the Hamacher t-norm where:

A+ =


0.24 0.06 1.00 0.53 0.00 0.65
0.85 0.48 0.06 0.63 0.70 0.25
0.35 0.23 0.05 0.58 0.00 0.80
0.00 0.82 0.30 0.55 0.89 0.65
0.13 0.10 0.12 0.46 0.11 0.04

 , A− =


0.08 0.20 0.41 0.06 0.83 0.78
0.35 0.51 0.25 0.35 0.78 0.04
0.53 0.03 0.14 0.00 0.01 1.00
0.81 0.00 0.32 0.72 0.34 0.36
0.15 0.35 0.21 0.28 0.40 0.33


bT =

[
0.8 0.5 0.9 0.4 0.3

]
In this example, I = {1, 2, . . . , 5}, J = {1, 2, . . . , 6} and we use the max-Hamacher t-norm Tα

H

(that is continuous and strict) with α = 2. So, we have T 2
H(x, y) = xy

2−(x+y−xy) . For i = 1 and

j = 5, we have a+15 = 0.00, a−15 = 0.83 and b1 = 0.8. So, from Corollary 2.4 (c) we obtain
I15 = [1 − v−15, 1] = [0.03, 1] and S15 = {1 − v−15} = {0.03}. Tables 1 and 2 show all the sets Iij
and Sij for each i ∈ I and j ∈ J , respectively. Further, by Definition 2.5 and Tables 1 and 2, it
can be easily calculated that I5 =

⋂
i∈I Ii5 = [0.32, 0.48] and S′

15 = S15 ∩ I5 = {0.3} ∩ [0.32, 0.48].
Tables 3 and 4 show all the sets Ij and S′

ij for each i ∈ I and j ∈ J , respectively.

3 Resolution of the feasible solution set

The following lemma presents two necessary conditions for the feasibility of the Problem (1).

Lemma 3.1. (a) If S (A+, A−, b) ̸= ∅, then Ij ̸= ∅, ∀j ∈ J . (b) If S (A+, A−, b) ̸= ∅, then for
each i ∈ I , there exists at least one ji ∈ J such that S′

iji
̸= ∅.

Proof. (a) Suppose that x ∈ S (A+, A−, b) and Ij0 = ∅ for some j0 ∈ J . Hence, there exists

i0 ∈ I such that x /∈ Ii0j0 (Definition 2.5). So, from Definition 2.2, we have max{Tα
H

(
a+i0j0 , xj0

)
,

Tα
H

(
a−i0j0 , 1 − xj0

)
} > bi0 , that implies x /∈ Si0 . So, from S (A+, A−, b) =

⋂
i∈I Si, we obtain

x /∈ S (A+, A−, b) that is a contradiction. (b) Assume that x ∈ S (A+, A−, b) and there exists some
i0 ∈ I such that S′

i0j
= ∅, ∀j ∈ J . So, xj /∈ S′

i0j
= Si0j ∩ Ij , ∀j ∈ J (Definition 2.5). Now, if

xj /∈ Ij for some j ∈ J , then from Part (a) we obtain S (A+, A−, b) ̸= ∅, that is a contradiction.
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On the other hand, if xj /∈ S′
i0j

and xj ∈ Ij , ∀j ∈ J , then it is concluded that xj /∈ Si0j , ∀j ∈ J ,

that implies max
{
Tα
H

(
a+i0j , xj

)
, Tα

H

(
a−i0j , 1 − xj

)}
< bi0 , ∀j ∈ J (Definition 2.2). Therefore,

x /∈ Si0 , that contradicts the assumption that x ∈ S (A+, A−, b). ■

The following lemma provides a necessary and sufficient condition ensuring that a given x ∈
[0, 1]n is feasible for the Problem (1).

Lemma 3.2. Let x ∈ S (A+, A−, b) if and only if the following statements hold true:

(I) xj ∈ Ij, ∀j ∈ J .

(II) For each i ∈ I , there is at least one ji ∈ J such that xji ∈ S′
ijj
.

Proof. Suppose that x ∈ [0, 1]n satisfies the conditions (I) and (II). So, from the condition (I) and

Definitions 2.2 and 2.5, we have xj ∈ Iij and therefore max
{
Tα
H

(
a+ij , xj

)
, Tα

H

(
a−ij , 1 − xj

)}
≤ bi,

∀i ∈ I and ∀j ∈ J . On the other hand, from the condition (II), and Definitions 2.2 and 2.5,

for each i ∈ I we have max
{
Tα
H

(
a+iji , xji

)
, Tα

H

(
a−iji , 1 − xji

)}
= bi for some ji ∈ J . Conse-

quently, for each i ∈ I , it is concluded that maxn
j=1

{
max

{
Tα
H

(
a+ij , xj

)
, Tα

H

(
a−ij , 1 − xj

)}}
=

max
{
Tα
H

(
a+iji , xji

)
, Tα

H

(
a−iji , 1 − xji

)}
= bi. Thus, x ∈ Si, ∀i ∈ I , that implies x ∈

⋂
i∈I Si =

S (A+, A−, b). The converse statement is obtained by reversing the argument. ■

Corollary 3.3. For each i ∈ I , x ∈ Si if and only if xj ∈ Iij, ∀j ∈ J , and there is at least one
ji ∈ J such that xji ∈ S′

iji
.

Definition 3.4. For each i ∈ I , we define Ji =
{
j ∈ J : S′

ij ̸= ∅
}

. Similarly, for each j ∈ J ,

define Ij =
{
i ∈ I : S′

ij ̸= ∅
}

.

Definition 3.5. A function e (on I ) will be considered admissible function if e(i) ∈ Ji(e), ∀i ∈ I ,
where

(a) J1(e) = J1.

(b) Ij(e, i) = {k ∈ I : 1 ≤ k < i and e(k) = j}, ∀j ∈ J and ∀i ∈ I − {1}.

(c) Ji(e) = {j ∈ Ji : Ij(e, i) = ∅ or S′
ij ∩

(⋂
k∈Ij(e,i)

S′
kj

)
̸= ∅

}
, ∀i ∈ I − {1}.

Accordingly, let E be the set of all admissible functions. Thus, we can represent each e as the vector
e = [j1, . . . , jm] in which e(i) = ji, ∀i ∈ I .

Definition 3.6. For each e ∈ E, let Ij(e) = {i ∈ I : e(i) = j} and S(e) be the set of all the
vectors x = (x1, . . . , xn) such that

xj ∈
{ ⋂

i∈Ij(e)
S′
ij ,Ij(e) ̸= ∅

Ij ,Ij(e) = ∅
, ∀j ∈ J (4)

Corollary 3.7. Let e : I →
⋃

i∈I Ji be a function so that e(i) ∈ Ji, ∀i ∈ I . Then, e ∈ E if
and only if

⋂
i∈Ij(e)

S′
ij ̸= ∅ for each j ∈ J such that Ij(e) ̸= ∅.
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Remark 3.8. By Corollary 3.7, the number of admissible functions is limited to
∏

i∈S |Ji|, where
|Ji| indicates the cardinality of Ji. In practice, the precise number of admissible functions is, in
most cases, much less than this value.

The following theorem determines the feasible solution set of the Problem (1) by using the
admissible functions.

Theorem 3.9. S (A+, A−, b) =
⋃

e∈E S(e).

Proof. Let x ∈
⋃

e∈E S(e). So, x ∈ S (e0) for some e0 ∈ E. Hence, according to (4), for each
j ∈ J we have either xj ∈

⋂
i∈Ij(e0)

S′
ij (if Ij (e0) ̸= ∅) or xj ∈ Ij (if Ij (e0) = ∅). But, since

S′
ij = Sij ∩ Ij (Definition 2.5), from xj ∈

⋂
i∈Ij(e0)

S′
ij it is obtained again xj ∈ Ij . Consequently,

xj ∈ Ij , ∀j ∈ J . On the other hand, from Definition 3.5 we have e0(i) = ji ∈ Ji (e0) ⊆ Ji

(∀i ∈ I ), which implies Iji (e0) ̸= ∅, and therefore from (4) we have xji ∈
⋂

k∈Iji
(e0)

S′
kji

⊆ S′
iji

.

Hence, xji ∈ S′
iji

, ∀i ∈ I . Now, Lemma 3.2 requires that x ∈ S (A+, A−, b). Conversely, let

x ∈ S (A+, A−, b), Ij(x) =
{
i ∈ I : xj ∈ S′

ij

}
and Ji(x) =

{
j ∈ J : xj ∈ S′

ij

}
. So, for each

i ∈ Ij(x) and each j ∈ Ji(x), we have S′
ij ̸= ∅ that means j ∈ Ji (Definition 3.4). Also, Lemma

3.2 implies that Ji(x) ̸= ∅, ∀i ∈ I . Without loss of generality, let ji = min Ji(x) and e0(i) = ji,
∀i ∈ I . Therefore, e0 is a function on I such that

e0(i) = ji ∈ Ji, ∀i ∈ I (5)

Moreover, we have

Ij (e0) ̸= ∅, ∀j ∈ {j1, . . . , jm} and Ij (e0) = ∅, ∀j ∈ J − {j1, . . . , jm} (6)

In addition, if jp ∈ {j1, . . . , jm} and k ∈ Ijp (e0) (i.e., e0(k) = jp), then by our definition it follows
that jp = min Jk(x) which means xjp ∈ S′

kjp
. Hence, it is concluded that

xj ∈
⋂

i∈Ij(e0)

S′
ij , ∀j ∈ {j1, . . . , jm} (7)

Consequently, by Corollary 3.7 and (5) - (7) we have e0 ∈ E. Also, since x ∈ S (A+, A−, b), then
xj ∈ Ij , ∀j ∈ J (Lemma 3.2). Particularly, xj ∈ Ij , if Ij (e0) = ∅. This fact together with (4),
(6) and (7) imply x ∈ S (e0). ■

Example 3.10. Consider the problem stated in Example 2.7. According to Definition 3.4 and
Table 4, we obtain J1 = {3}, J2 = {1, 5}, J3 = {6}, J4 = {1, 2, 4, 5, 6} and J5 = {2, 4}. Hence,
according to Remark 3.8, the number of admissible functions is bounded above by

∏
i∈I |Ji| = 1×

2×1×5×2 = 20. Now, noting Definition 3.5 and Corollary 3.7, consider functions e1 = [3, 1, 6, 1, 4]
and e2 = [3, 5, 6, 2, 4] from I to

⋃
i∈I Ji so that ep(i) ∈ Ji for any i ∈ I and p ∈ {1, 2}. So,

e1(2) = e1(4) = 1 and I4 (e1, 4) = {1} (Definition 3.5 (b)). Also, S′
21 = {0.62} and S′

41 = {0.46}
(see Table 4). Therefore, I4 (e1, 4) ̸= ∅ and S′

21∩
(⋂

k∈I4(e1,4)
S′
k4

)
= S′

21∩S′
41 = ∅, which implies

1 /∈ J4 (e1) (Definition 3.5 (c)). As a result, since e1(4) = 1 /∈ J4 (e1), based on Definition 3.5 it
follows that e1 is not admissible. However, e2 is indeed an admissible function and accordingly, the
three conditions of Definition 3.5 hold for e2. Hence, from Definition 3.6, S (e2) is calculated as the
Cartesian product S (e2) = [0.46, 0.62] × {0.53} × {0.80} × {0.74} × {0.31} × {0.10}.
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4 Simplification techniques

The purpose of this subsection is to describe some simplification techniques that can be used to
accelerate the determination of the feasible region. In this section, S{i} (A+, A−, b) indicates the
feasible region of the reduced problem obtained by removing the i’th equation from Problem (1).

Lemma 4.1. Suppose that S (A+, A−, b) ̸= ∅ and i0 ∈ I . If x ∈ S{i0} (A+, A−, b), then xj ∈ Ij,
∀j ∈ J . Particularly, xj ∈ Ii0j, ∀j ∈ J .

Proof. From Theorem 3.9, S{i0} (A+, A−, b) =
⋃

e′∈E′ S (e′), where E′ is the set of all the restrictions
of admissible functions e ∈ E to I − {i0}. So, for each x ∈ S{i0} (A+, A−, b), there exists at least
one e′0 ∈ E′ such that x ∈ S (e′0). Now, from (4), for each j ∈ J we have either xj ∈

⋂
i∈Ij(e′0)

S′
ij

or xj ∈ Ij . But, in the former case, since S′
ij = Sij ∩ Ij (Definition 2.5), we have again xj ∈⋂

i∈Ij(e′0)
S′
ij ⊆ Ij . Consequently, xj ∈ Ij (and therefore xj ∈ Ii0j from Definition 2.5), ∀j ∈ J . ■

Corollary 4.2. Suppose that S (A+, A−, b) ̸= ∅ and there exist i0 ∈ I and j0 ∈ J such that
S′
i0j0

= Ij0. Then, the i0’th equation is a redundant constraint and it can be deleted.

Proof. Let x ∈ S{i0} (A+, A−, b). From Lemma 4.1, xj0 ∈ Ij0 and xj ∈ Ii0j , ∀j ∈ J . But, since
S′
i0j0

= Ij0 , then xj0 ∈ Ij0 = S′
i0j0

, and therefore from Corollary 3.3 it follows that x satisfies the
i0’th equation. ■

Corollary 4.3. Suppose that S (A+, A−, b) ̸= ∅ and there exists j0 ∈ J such that Ij0 = {k} is a
singleton set. Then, xj0 = k for each feasible solution x. Also, the j0’th column and any equation
i0 such that k ∈ S′

i0j0
can be removed from the problem.

Proof. For any x ∈ S (A+, A−, b), Lemma 3.2 implies xj0 ∈ Ij0 = {k}, i.e., xj0 = k. Now, from
Lemma 4.1, if x ∈ S{i0} (A+, A−, b), then xj ∈ Ii0j , ∀j ∈ J (*1). But, since k ∈ S′

i0j0
, then we have

S′
i0j0

̸= ∅, that together with S′
i0j0

= Si0j0 ∩ Ij0 and Ij0 = {k} imply S′
i0j0

= {k}. Consequently,
xj0 ∈ S′

i0j0
(*2). Hence, from (*1),(*2) and Corollary 3.3, it follows that x satisfies the i0’th

equation. ■

Corollary 4.4. Suppose that S (A+, A−, b) ̸= ∅ and there exist i0 ∈ I and j0 ∈ J such that
Ji0 = {j0} and S′

i0j0
= {k} are singleton sets. Then, xj0 = k for each feasible solution x. Also,

the j0’th column and any equation i such that k ∈ S′
ij0

can be removed from the problem.

Proof. If x ∈ S (A+, A−, b), then from Lemma 3.2, there exists at least one j ∈ J such that
xj ∈ S′

i0j
. But, since Ji0 = {j0}, we have necessarily xj0 ∈ S′

i0j0
= {k}, that means xj0 = k.

Moreover, suppose that i ∈ I and k ∈ S′
ij0

. If x ∈ S{i} (A+, A−, b), then x satisfies the i0’th
equation, and therefore we must have xj0 = k ∈ S′

ij0
. Also, from Lemma 4.1, xj ∈ Iij , ∀j ∈ J .

Hence, Corollary 3.3 implies that x also satisfies the i’th equation. ■

Corollary 4.5. Suppose that S (A+, A−, b) ̸= ∅ and there exist i, i0 ∈ I such that S′
ij ⊆ S′

i0j
,

∀j ∈ J . Then, the i0’th equation is a redundant constraint and it can be deleted.

Proof. If x ∈ S{i0} (A+, A−, b), then by Lemma 4.1, we conclude that xj ∈ Ii0j , ∀j ∈ J (*1). Also,
from Lemma 3.2, there exists at least one ji ∈ J such that xji ∈ S′

iji
. But, since S′

ij ⊆ S′
i0j

, then we
have xji ∈ S′

i0ji
(*2). So, (*1), (*2) and Corollary 3.3 imply that x satisfies the i0’th equation. ■
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Corollary 4.6. Suppose that S (A+, A−, b) ̸= ∅ and i0 ∈ I . If bi0 = 0, then the i0’th equation is
a redundant constraint and it can be deleted.

Proof. Let x ∈ S{i0} (A+, A−, b). We shall show that x also satisfies the i0’th equation. From
Lemma 4.1, xj ∈ Ij , ∀j ∈ J (*1). Also, since S (A+, A−, b) ̸= ∅, there exists at least one j0 ∈ J
such that S′

i0j0
̸= ∅ (Lemma 3.1 (b)). On the other hand, since bi0 = 0, then we have S′

i0j0
= Ii0j0

which together with Ij0 ⊆ Ii0j0 (Definition 2.5) and (*1) imply xj0 ∈ S′
i0j0

(*2). Now, the result
follows from (*1),(*2) and Corollary 3.3. ■

The following algorithm summarizes the preceding discussion.

Algorithm 1: Resolution of Problem (1)

Input : Given Problem (1):
Output: The optimal value x∗

1 Compute sets Iij , Sij , Ij and S′
ij for each i ∈ I and each j ∈ J (Corollary 2.4 and

Definition 2.5).
2 if Ij ̸= ∅ for some j ∈ J , And S′

ij ̸= ∅ for some i ∈ I and each j ∈ J then

3 Determine as many variables as possible using the simplification rules. Remove the
redundant equations and the corresponding columns from the problem.

4 Calculate S(e) for each admissible function e ∈ E of the remaining problem (Definitions
3.5 and 3.6). Assign the variable values found in Step 6 to S(e).

5 Generate the feasible solution set S (A+, A−, b) by
⋃

e∈E S(e) (Theorem 3.9).
6 Assign x∗ (ei) to the objective function, and the minimum objective value is the optimal

solution.
7 end
8 else
9 Stop; the problem is infeasible (Lemma 3.1).

10 end

5 Local and global optimal solutions

As mentioned before, by considering f is a linear and continuous function, that is non-decreasing
(non-increasing) in xj , ∀j ∈ J + (∀j ∈ J −).

Definition 5.1. Suppose that S (A+, A−, b) ̸= ∅. For each e ∈ E, we define x∗(e) = (x∗(e)1, . . . , x
∗(e)n)

where for each j ∈ J , components x∗(e)j are defined as follows:

x∗(e)j =


min

{⋂
i∈Ij(e)

S′
ij

}
, j ∈ J + and Ij(e) ̸= ∅

Lj , j ∈ J + and Ij(e) = ∅
max

{⋂
i∈Ij(e)

S′
ij

}
, j ∈ J − and Ij(e) ̸= ∅

Uj , j ∈ J − and Ij(e) = ∅

(8)

where Lj and Uj are the lower and upper bounds of Ij = [Lj , Uj ]. Also, define F ∗ = {x∗(e) : e ∈ E}.
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The following theorem states that any x∗(e) is a feasible local optimal solution of the problem
(1).

Theorem 5.2. Suppose that S (A+, A−, b) ̸= ∅.(a) F ∗ ⊆ S (A+, A−, b).(b) x∗(e) is a global opti-
mum in S(e)

Proof. (a) Let x∗ (e0) ∈ F ∗ (for some e0 ∈ E). So, from (4) and (8), it follows that x∗ (e0) ∈
S (e0) ⊆

⋃
e∈E S(e). Hence, by Theorem 1, it is concluded that F ∗ ⊆ S (A+, A−, b). (b) Let

x ∈ S(e). So, from (5) and (9), we have x∗(e)j ≤ xj , ∀j ∈ J +, and xj ≤ x∗(e)j , ∀j ∈ J −. Hence,
f (x∗(e)) ≤ f(x) for any x ∈ S(e). ■

Theorem 5.3. Suppose that S (A+, A−, b) ̸= ∅ and S∗ denotes the set of optimal solutions for
Problem (1). If f (x∗ (e∗)) = min {x∗(e) : e ∈ E}, then x∗ (e∗) is a global optimal solution of Problem
(1).

Proof. Let x ∈ S (A+, A−, b) be an arbitrary feasible solution. We shall show that f (x∗ (e∗)) ≤ f(x).
From Theorem 3.9, x ∈ S (e0) for some e0 ∈ E. So, theorem 5.2 requires f (x∗ (e0)) ≤ f(x), which
together with f (x∗ (e∗)) ≤ f (x∗ (e0)) imply f (x∗ (e∗)) ≤ f(x). ■

Based on 5.2, x∗(e) is a local optimal solution, ∀e ∈ E. So, Theorem 5.3 further provides a
necessary optimality condition stating that if x∗ is an optimal solution of the Problem (1), then it
must belong to F ∗. Thus, each solution x∗(e) ∈ F ∗ is an optimal candidate solution. As well, the
global optimal value is calculated as f (x∗ (e∗)) = min {x∗(e) : e ∈ E}.

6 Numerical example

Consider the problems in Examples 2.7 and 3.10. Here are the steps according to Algorithm 1:

Step 1 Tables 1 and 2 show all the sets Iij and Sij for each i ∈ I and j ∈ J , respectively. In
both tables, row i (i ∈ I ) corresponds to equation i and column j (j ∈ J ) corresponds to variable
xj . By Table 1 and Definition 2.5, all the sets Ij are shown in Table 3 for each j ∈ J . Also, all the
sets S′

ij (∀i ∈ I and ∀j ∈ J ) are summarized in Table 4 by using Table 2, Table 3 and Definition
2.5.

Table 1: Sets Iij for each i ∈ I and j ∈ J .

[0, 1] [0, 1] [0, 0.80] [0, 1] [0.03, 1] [0, 1]

[0, 0.62] [0.10, 1] [0, 1] [0, 0.84] [0.31, 0.76] [0, 1]

[0, 1] [0, 1] [0, 1] [0, 1] [0, 1] [0.10, 1]

[0.46, 1] [0, 0.53] [0, 1] [0.38, 0.79] [0, 0.46] [0, 0.68]

[0, 1] [0.09, 1] [0, 1] [0, 0.74] [0.17, 1] [0.06, 1]

Step 2 From Table 3, it is clear that Ij ̸= ∅, ∀j ∈ J .

Step 3 As it was described in Table 4, for each i ∈ I there exists at least one ji ∈ J such that
S′
iji

̸= ∅.
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Table 2: Sets Sij for each i ∈ I and j ∈ J .

∅ ∅ {0.80} ∅ {0.03} ∅
{0.62} {0.01} ∅ {0.84} {0.31, 0.76} ∅
∅ ∅ ∅ ∅ ∅ {0.10}

{0.46} {0.53} ∅ {0.38, 0.79} {0.46} {0.68}
∅ {0.09} ∅ {0.74} {0.17} {0.06}

Table 3: Sets Ij = [Lj , Uj ] for each j ∈ J .
[0.46, 0.62] [0.09, 0.53] [0, 0.80] [0.38, 0.74] [0.31, 0.46] [0.10, 0.68]

Table 4: Sets S′
ij for each i ∈ I and j ∈ J .

∅ ∅ {0.80} ∅ ∅ ∅
{0.62} ∅ ∅ ∅ {0.31} ∅
∅ ∅ ∅ ∅ ∅ {0.10}

{0.46} {0.53} ∅ {0.38} {0.46} {0.68}
∅ {0.09} ∅ {0.74} ∅ ∅

Step 4 Since J1 = {3} is a singleton set (see Table 3) and 0.80 ∈ I3 = [0, 0.80] (see Table 4),
Corollary 4.4 indicates that x3 = 0.80 for each feasible solution x (particularly, x∗3 = 0.80 for each
optimal solution x∗). Also, column 3 and both rows 2 can be removed from the problem. Although,
by this simplification technique, the upper bound of the number of admissible functions is still 20
(Example 3.10) as

∏
i∈I−(1} |Ji| = 2 × 1 × 4 × 2 = 20; that is |E|≤ 20. simillary, according to

Table 4, it turns out that J3 = {6} and S′
36 = {0.10} are singleton sets and 0.10 ∈ I6 = [0.10, 0.68].

Thus, x6 is assigned to x6 = 0.10, and also column 6 and rows 3 can be deleted by Corollary 4.4.
Consequently, we have

∏
i∈I−(1,3) |Ji| = 2 × 4 × 2 = 16 and |E|≤ 16. So, after applying the

above simplification rules, columns {3, 6} and rows {1, 3} are deleted and we obtain x∗3 = 0.80 and
x∗6 = 0.10. Therefore, the reduced matrices A+and A−, and the right-hand-side vector b become

A+ =

 0.85 0.48 0.63 0.70
0.00 0.82 0.55 0.89
0.13 0.10 0.46 0.11

 , A− =

 0.35 0.51 0.35 0.78
0.81 0.00 0.72 0.34
0.15 0.35 0.28 0.40

 , b =

 0.5
0.4
0.3


The current matrices A+and A−are equivalent to three rows (rows 2, 4 and 5 in the main problem)
and four columns (columns 1,2,4 and 5 in the main problem). Furthermore, Table 4 is updated as
follows:

Table 5: Sets S′
ij for each i ∈ I and j ∈ J .

{0.62} ∅ ∅ {0.31}
{0.46} {0.53} {0.38} {0.46}
∅ {0.09} {0.74} ∅
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Step 5 and 6 Based on the results obtained in the previous step, we have |E|= 16. The admissible
functions e ∈ E are obtained from Table 5 as follow:
e1 = [1, 1, 2], e2 = [1, 1, 3], e3 = [1, 2, 2], e4 = [1, 2, 3], e5 = [1, 3, 2], e6 = [1, 3, 3], e7 = [1, 4, 2], e8 =
[1, 4, 3]
e9 = [4, 1, 2], e10 = [4, 1, 3], e11 = [4, 2, 2], e12 = [4, 2, 3], e13 = [4, 3, 2], e14 = [4, 3, 3], e[15] =
[4, 4, 2], e16 = [4, 4, 3].

Therefore, by Definition 3.5 we determine that ek∈{4,5,7,8,9,10,12,13} is admissible, whereas the
remainder is not. So, by Definition 3.6, and when we assign variables x∗3 = 0.80 and x∗6 = 0.10,
their corresponding sets S(e) are as follows:

S (e4) = {0.62} × {0.53} × {0.80} × {0.74} × [0, 1] × {0.10}
S (e5) = {0.62} × {0.09} × {0.80} × {0.38} × [0, 1] × {0.10}
S (e7) = {0.62} × {0.09} × {0.80} × [0, 1] × {0.46} × {0.10}
S (e8) = {0.62} × [0, 1] × {0.80} × {0.74} × {0.46} × {0.10}
S (e9) = {0.46} × {0.09} × {0.80} × [0, 1] × {0.31} × {0.10}
S (e10) = {0.46} × [0, 1] × {0.80} × {0.74} × {0.31} × {0.10}
S (e12) = [0, 1] × {0.53} × {0.80} × {0.74} × {0.31} × {0.10}
S (e13) = [0, 1] × {0.09} × {0.80} × {0.38} × {0.31} × {0.10}
Therefore, from Theorem 3.9, S (A+, A−, b) =

⋃
i∈{4,5,7,8,9,10,12,13} S (ei).

Step 7 Assume that the objective function of Problem (1) is defined as the linear form f(x) =∑n
j=1 cjxj , where cj ∈ R, ∀j ∈ J . So, it is clear that J + = {j ∈ J : cj ≥ 0} and J − =

{j ∈ J : cj < 0}. For instance, consider the problem stated in Examples 2.7 and 3.10 with the
following objective function:

f(x) = 3x1 + 2x2 − x3 − 4x4 + x5 + 2x6

In this example, we have J + = {1, 2, 5, 6} and J − = {3, 4}. To calculate x∗ (ei), we obtain:

x∗(e4) = [0.62, 0.53, 0.8, 0.74, 0.31, 0.1]

x∗(e5) = [0.62, 0.09, 0.8, 0.38, 0.31, 0.1]

x∗(e7) = x∗(e8) = [0.62, 0.09, 0.8, 0.74, 0.46, 0.1]

x∗(e9) = x∗(e10) = [0.46, 0.09, 0.8, 0.74, 0.31, 0.1]

x∗(e12) = [0.46, 0.53, 0.8, 0.74, 0.31, 0.1]

x∗(e113) = [0.46, 0.09, 0.8, 0.38, 0.31, 0.1]

Also, the objective values of the above local optimal solutions are computed as

f (x∗ (e4)) = 0.2

f (x∗ (e5)) = 0.32

f (x∗ (e7)) = −0.97

f (x∗ (e9)) = −1.6

f (x∗ (e12)) = −0.28

f (x∗ (e13)) = −1.16

So, by Theorem 5.3, the global minimum solution of the problem is x∗ (e9) with an optimal
value of f (x∗ (e9)) = −1.6.
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7 Conclusion

In this paper, an algorithm was introduced for finding a global optimal solution to linear problems
under a system of bipolar fuzzy relation equation constraints defined by the max-Hamacher family
of t-norms. The analytical properties of the bipolar FREs constraints were studied, and the feasible
solution set of the problem was completely identified by a finite number of compact sets, which
may not be connected. Two necessary feasibility conditions and a necessary and sufficient condition
were also included to determine the feasibility of the problem. Moreover, it was proved that the
problem has a finite number of local optimal solutions, and a global optimal solution is actually
the local optimum with the smallest objective function value. In addition, some simplification rules
have also been proposed to speed up the problem-solving procedure.
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hamacher t-norm applied for fuzzy-rule-based model extraction,” Neural Computing and Ap-
plications, vol. 24, pp. 133–142, 2014. doi: 10.1007/s00521-013-1499-3

[13] D. Dubois and H. Prade, “An introduction to bipolar representations of information and
preference,” International Journal of Intelligent Systems, vol. 23, no. 8, pp. 866–877, 2008.
doi: 10.1002/int.20297

[14] D. Dubois and H. Prade, “An overview of the asymmetric bipolar representation of positive
and negative information in possibility theory,” Fuzzy sets and Systems, vol. 160, no. 10,
pp. 1355–1366, 2009. doi: 10.1016/j.fss.2008.11.006

[15] S. Freson, B. De Baets, and H. De Meyer, “Linear optimization with bipolar max–min con-
straints,” Information Sciences, vol. 234, pp. 3–15, 2013. doi: 10.1016/j.ins.2011.06.009

[16] P. Li and Q. Jin, “On the resolution of bipolar max-min equations,” Kybernetika, vol. 52,
no. 4, pp. 514–530, 2016. doi: 10.14736/kyb-2016-4-0514

[17] M. E. Cornejo, D. Lobo, and J. Medina, “Bipolar fuzzy relation equations based on the
product t-norm,” in 2017 IEEE International Conference on Fuzzy Systems (FUZZ-IEEE),
IEEE, 2017, pp. 1–6. doi: 10.1109/fuzz-ieee.2017.8015691

[18] P. Li and Y. Liu, “Linear optimization with bipolar fuzzy relational equation constraints using
the  lukasiewicz triangular norm,” Soft Computing, vol. 18, no. 7, pp. 1399–1404, 2014. doi:
10.1007/s00500-013-1152-1

[19] C.-C. Liu, Y.-Y. Lur, and Y.-K. Wu, “Linear optimization of bipolar fuzzy relational equations
with max- lukasiewicz composition,” Information Sciences, vol. 360, pp. 149–162, 2016. doi:
10.1016/j.ins.2016.04.041

[20] X.-P. Yang, “Resolution of bipolar fuzzy relation equations with max- lukasiewicz composi-
tion,” Fuzzy Sets and Systems, vol. 397, pp. 41–60, 2020. doi: 10.1016/j.fss.2019.08.005

[21] J. Zhou, Y. Yu, Y. Liu, and Y. Zhang, “Solving nonlinear optimization problems with bipolar
fuzzy relational equation constraints,” Journal of Inequalities and Applications, vol. 2016,
no. 1, pp. 1–10, 2016. doi: 10.1186/s13660-016-1056-6

[22] A. Ghodousian and M. S. Chopannavaz, “Solving linear optimization problems subject to
bipolar fuzzy relational equalities defined with max-strict compositions,” Information Sci-
ences, vol. 650, p. 119 696, 2023. doi: 10.1016/j.ins.2023.119696

[23] A. Ghodousian, M. S. Chopannavaz, and W. Pedrycz, “On the resolution and linear optimiza-
tion problems subject to a system of bipolar fuzzy relational equalities defined with continuous
archimedean t-norms,” Iranian Journal of Fuzzy Systems, vol. 22, no. 4, pp. 137–160, 2025.
doi: 10.22111/ijfs.2025.50906.8994

[24] A. Ghodousian and M. S. Chopannavaz, “On the nonlinear programming problems subject to
a system of generalized bipolar fuzzy relational equalities defined with continuous t-norms,”
Iranian Journal of Fuzzy Systems, vol. 22, no. 3, pp. 21–38, 2025. doi: 10.22111/ijfs.2025.
50433.8905

62

https://doi.org/10.1016/j.ins.2016.12.045
https://doi.org/10.1007/s00521-013-1499-3
https://doi.org/10.1002/int.20297
https://doi.org/10.1016/j.fss.2008.11.006
https://doi.org/10.1016/j.ins.2011.06.009
https://doi.org/10.14736/kyb-2016-4-0514
https://doi.org/10.1109/fuzz-ieee.2017.8015691
https://doi.org/10.1007/s00500-013-1152-1
https://doi.org/10.1016/j.ins.2016.04.041
https://doi.org/10.1016/j.fss.2019.08.005
https://doi.org/10.1186/s13660-016-1056-6
https://doi.org/10.1016/j.ins.2023.119696
https://doi.org/10.22111/ijfs.2025.50906.8994
https://doi.org/10.22111/ijfs.2025.50433.8905
https://doi.org/10.22111/ijfs.2025.50433.8905

	Introduction
	Preliminary definitions and properties
	Resolution of the feasible solution set
	Simplification techniques
	Local and global optimal solutions
	Numerical example
	Conclusion

