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Abstract

Abstract: In this paper, we construct an approximate solution for an initial-boundary value
problem involving a third order partial differential equation. Also, we present an approximate
solution for the fractional case of the problem by using Mittag—Lefler function. Our method is
based on spectral method for solving the related spectral problem. Finally, the proposed method
is tested on some numerical examples.
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1 Introduction

Spectral methods are a type of techniques used in math and computing to solve certain equations.
Its goal is to solve a differential equation by breaking the solution down into smaller parts called
basis functions, and then figuring out the numbers that go with each part. Those can be used
to solve ordinary (ODEs), partial (PDEs), fractional differential equations (FDEs) and eigenvalue
problems [11 2} 3] 4] 5] 6], 7, [8, 9, 10} 1T]. Applying the methods for time-dependent PDEs, the solution
is typically written as a sum of basis functions with time-dependent coefficients; substituting this
solution in the PDE yields a system of ODEs which can be solved. Eigenvalue problems for ODEs
are similarly converted to matrix eigenvalue problems. For more review of this method see [12]
for linear periodic and Non-periodic problems, [13] for hyperbolic problems and [14] for nonlinear
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thermostatic bi-metal problems.
Two important the methods are:

e Galerkin method: Test functions are x,, = ¢, and each ¢,, satisfy the boundary condition
Bé,,(y) = 0 [15, [16].

e Tau method: (Lanczos 1938) Test functions x,, = ¢,, (most of) trial functions but ¢,, do not
satisfy the boundary conditions, the latter are enforced by an additional condition [I7] [18].

In this paper, at first, we obtain the related spectral problem by separation of the variables. Then
for the resulted spectral problem, we determine eigenvalues and eigenfunctions. Finally, by using
Galerkin method and eigenfunctions (as test function), we obtain a system of ordinary differential
equations for the unknown coefficients of the time variable [19] [20]. In final section, we will consider
a time fractional PDE and choose its approximate solution by Mittage-Lefler functions.

2 Preleminieries

We recall the fractional derivative definition and some considerations on Mittage-Lefler functions
are as follows [21]. For the arbitrary function u(z) and for 0 < & < 1, the fractional derivative of
u(z) is

Dut) = et ) e 0

For the arbitrary ¢, the Gamma function cannot be used for negative whole numbers with no
imaginary part. To solve this, first take the whole number derivative and then the fractional
derivative.

We consider the following modified Mittag—Lefler function:

ke kL -1 L —1 ZQL*—l 3L -1
Z pry il ey TN cyo s TR ey R (2)

which we will use the general form of it to solve FDE. Function as same as Taylor expansion
for exp(nz) is invariant with respect to ordinary differentiation that means

DU hipe (2) = bl (2).

Hence, we consider it with parameter 1, that mean:

Xk ko
u(Z) = hL(Zaﬂ) = Z T(]kf*_l)[ . (3)
k=1
Clearly,
1™ (2) = Dpe(z,m) = 0"hye (z,m). (4)

Thanks to the function, the ordinary FDEs:

apt"(2) + @™ (2) o+ T (2) + agu = 0, ®)
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can be solved. Hence, we can solve these FDEs by charactristic equations as same as ODE:
@™ + Qo™ 2+ am + ag = 0, (6)
regarding the roots of Eq. @ by 1n1,Ms2, . - - , Ny, then general solution of Eq. is
u(z) = erfir(z,m1) + cofys (2,m2) + -+« + cfis (2,Mm), (7)

where % = % is fractional step derivative with the fractionall orders %, mT_l, ot [23].

3 Main results

3.1 Mathematical statement of problem

Consider the following initial-boundary value problem

By q o304y a0u e J=:(0,1),t> 0,7 %0, (8)

with boundary conditions

J'u o’'u
— = — , k=0,1,2, 9
oz* 2=0 az* =1 ( )
and initial condition
u(2,0) = @o(z), ze€l=:[0,1], (10)

where e, 3, 7 are real constants and @q(z) is real real continious function on J. In with some
compatibility conditions for @g to the following form

007(0) = oi(1), k=012 (11)

Furthermore, suppose the unknown function u satisfies in additional condition:
ue cP(e)nc®V(E),  £=Tx(0,). (12)

Remark 3.1. In the section[3.3] we shall counsider an initial-boundary value problem which consists
of a fractional order differential equation as follows

%;—a—+582+ 2€J,t>0,7 %0, (13)

for o € J, @, 8, 77 € R, with the following initial-boundary conditions

o*u
9zF

. k=0,1,2,t =0, (14)

z=1

and %(Z,O) = @o(z), z € J, where @¢(z) is real continious function on J.
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3.2 Related spectral problem

Let the solution of the Eq. (8) be in the form u(z,t) = 3(z)%(t), then the spectral problem will be
in the following form

3m+ 5311_ %31_)\33 -0
15
30 2 3k) k=0,1,2. )

Then the general solution is in the form of

= Z O, exp(9,,(N\)z),

where unknown coefficients O,,, are calculated from the following algebraic system. By applying
boundary conditions to this solution, we have the following algebraic system

O1 (1 = exp(91A)) + Oz (1 = exp(2A)) + O3 (1 = exp(V3A)) = 0,
O191(A) (1 = exp(91A)) + O2092(A) (1 — exp(W2A)) + O303(X) (1 — exp(¥3A)) = 0, (16)
0197(A) (1 = exp(911)) + Oz95(A) (1 = exp(¥21)) + O393(A) (1 = exp(¥s))) = 0,

this algebraic system can be solved by Kramer role and therefore the eigenfunctions will be as
follows.

3
3op(2) = ) AT () exp(9n(Aep)a),  pEZt =123, (17)
m=1

where A" are the minor determinants of the main determinant of the algebraic system and
the \,x, are the three complex roots of the main determinant. It is easy to see that these functions
are orthogonal, that is

(3[,*])( 1I)L""q ,[ pr ‘Ll)Ll* dz

_{0, p=/=q,L*=#L'*,

5**
' 1, p=gq, o=

L L pqg

(18)

Applying the initial condition yields

3
= Z ZJL*pBL*p(Z)7 (19)

¥=1p€EZ

where

1
70 = L @o(2)ig(z)dz,  qeZ,./* =1,2,3.

Hence the form of final solution is
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where the unknown cofficients O+ with conditions OL'LZ*(O) = 0, should be calculated. Due to the

introduction and various spectral methods [22] 23], the residual term R for the above approximate
solution is

M=1q=—N
3 N
=B Y 0u()3"iy (2) - Bog(z)
M*=1q=-N
2 N m m
=7 ) ) On(t)3m(z) = 700 (2). (21)
M*=1¢=-N

Now according to the Galerkin method, we should have the inner product (R, d)q) =0, that is

1
[ Rap,+p(z)dz = 0, S =1,2,3,p=~-N,...,N. (22)
0

After some algebraic operations, the following ordinary differential equations system for unknowns
Ob*p(t) are resulted.

I m

1
Opp(t) = TA,Ourp(t) + JO [a@o(z) = Bea(z)700 ()] birp(2) dz = 0, (23)

for . = 1,2,3 and p = —N,...,N. Finaly, by calculating the functions (’)L*p(t) from the above
differential equations system with initial conditions O,+,(0) = 0 and substituting them in the
solution , the final approximate solution is obtained.

3.3 Related examples

In this section, we consider two examples. The first example is to construct an approximate solution
for an initial-boundary value problem which consists a third order PDE.The secend example is to
construct an approximate solution for an initial-boundary value problem which consists of a time
fractional order PDE.

Example 3.2. We consider boundary value problem with initial and boundary conditions @—
. In particular, let the test functions are {z"} then the approximate solution is as follows

N
u(z,t) = Y O, (t)z", (24)
n=0
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By applying the boundary conditions @ on Eq. we get

Oo(t)2° = Z 0,(t) = Z 0,(t) =0,
0, (t)2" = Z Z
20,(t) =in(n—1 i n—-1)0,(t)=0

<-4 atn- 0,00
N N N
Oy(t) = %Z = -2 ) n(n=1)0,(t) - 3 > nO(t)
n=3 n=4 n=4
S [ nln=1) S nln=3)
=) [He - 2]o.) = ) H2Ro, (1),
n=4 n=4
N N (n-3)
Ol(t) =~ Z On(t) =~ Z = n4 On(t)
n=2 n=4
N N
+ % Z n(n-1)0, Z
n=4 n=4
N N 3)(m-1)
= -5 (n* - +12)0 Z (=84 o, (1)
n=4 n=4
By considering the initial condition u(z,0) = @q(z) we have
k=0 ‘
Therefore, we obtain
il — o, n=0,1---m
2 0u(0)s" = Y ondl's 0(0) = { o nsm (25)
So the residual term is
N N N
R = Z O:L(t)z +a Z nOn(t)zn_1 -8 Z n(n — 1)(’)nzn_2
n=0 n=1 n=2
N
— Z n(n—1)(n—-2)0,z" 3,
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consequently,
1 1 N N-1
0=[Rzpdz=[zp{ oO.Lt)z" +a n+1)O0 t)z"
0 7| L OO e 3 (0 )0 (1)
N=-2

o ) (n+2)(n+1)0nm(t)"

— Z (n+3)(n+2)(n+ 1)on+3(t)z”} dz.

By calculating the above integral ,the differential equations system with respect to O, (t) is resulted
in the form

N__S [OL(t) + en + 1)Op41(t) = B(n + 2)(n +1)O,49(t)
- ~7(n+3)(n+2)(n +1)O0ns3(t)] 5155

+ i O;l(t)mhp +a i(n +1)0ni1 () i

- N]_\?(N - 1)On(t)N_flV+;2= 0,

N
= —% Z n(n —1)0,(t), (26)

with initial conditions
On, n=0,1,....m,
0, n>m.

0,,(0) = { (27)

Finally, by computing the coefficients O,,(¢) and substituting in Eq. , the final approximate
solution will be obtained.

Example 3.3. We consider the following fractional boundary value problem

g% +5a2+ g— z€J,t>0,7#0, (28)

and 0 < ¢ < 1, with initial- boundary conditions:

and
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For simplicity, let @ = 1,8 = «# = 0. Based on the relation the approximate solution is as below

4
kcr 1 cr 1 20-1
(z,t) = Z (ka o = Ow(z )(U o+ 02(2) Gy
B 30-1 Z4o‘—1
+ 03(2) Gy + Oa(2) thoryr- (30)

Due to the Mittag—Leffler functions and , fractional derivative of order & with respect to t is

as follows
cr 1 20-1 3a 1

D7u(z,t) = Oy(z )( ! + O3(z )(; 1 + Oy(z )m (31)

Differentiation with respect to spatial variable z yeilds
) ,t 1 20‘ 1 30-1 I 40-1
2 = 0} (2) oy + Ob(2) toomry + O(2) gy + Ohl2) oy (32)

By substituting the above derivatives in Eq. we have

tcr 1 20 1 3:7 1 1 ta—l
Os(z )(c, I + O3(z )( ] +O4( )(3, o= Ol(z)m
20 3o-1
+ 02( )(20- 1)! + 03( )m (33)
From Eq. (33), we obtain O)(z) = Oy(z), O5(z) = O3(z), O3(z) = O4(z). As a result we have
O1'(2) = Os(2),  O3(2) = Ou(a),  O4(2) = Ou(2).
Hence Oy(z) = 3,, (92( )= 22—2, and O3(z) = z. Thus the approximate solution is
3 to 1 Z2 t2o 1 7 t30—1 t40—1
u(z,t) = e -1 T 0oty T 1oty T uemt (34)

For this problem the approximate solutions for several values of ¢ are shown in Fig. Also, plot
of the approximate solution u(z,0.5) for different values of & is shown in Fig.

4 Conclusion

Spectral method is a relevant method for solving spectral problems which are resulted from initial-
boundary value problems. In fact, by applying separation of variables method for initial-boundary
value problem —, we obtained the spectral problem . Then for this problem, we obtained
eigenvalues and eigenfunctions. After that we searched an Approximate solution as infinite series
based on eigenfunctions and unknown coefficients O,,(t). Then by solving the system of ordinary
differential equations , we obtained the unknown coefficients O,(t). Finaly we considered an
initial-boundary value problem for a time fractional partial differential equation which its approxi-
mate solution was constructed by modifed Mitage-Lefler function.
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a=0.5 a=0.75 a=0.85 a=0.99

Figure 2: Plot of the approximate solution u(z,0.5) for different values of o.
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