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Abstract

Abstract: The study of cyclic contraction ordered pairs has garnered significant attention
in recent years. We introduce the cyclic ϑ-quasi-contraction ordered pair ((I, Ī), (J , J̄ )) and
investigate the existence and uniqueness conditions for their coupled best proximity points. Fur-
thermore, we present a priori and a posteriori estimates of the best proximity point error of this
class of cyclic contraction ordered pairs, particularly highlighting important results for cyclic
ϑ-quasi-contractions in a uniformly convex Banach space with a modulus of convexity. In Paper
[Zlatanov, B. (2016). Error estimates for approximating best proximity points for cyclic contrac-
tive maps. Carpathian J. Math.], the author employs geometric progressions for estimations,
thus necessitating the condition that the modulus of convexity is of power type, which prevents
the generalization of his results to cyclic contractions. The proofs presented in this paper en-
able error estimation without recourse to geometric progressions. The error calculation in an
arbitrarily uniformly convex Banach space is performed solely utilizing its modulus of convexity
function, and an error estimation for cyclic ϑ-contraction is provided. Consequently, this work
answers the questions posed in the aforementioned paper due to B. Zlatanov.
Keywords: Coupled best proximity point, Cyclic ϑ-quasi-contraction pair, Modulus of convex-
ity, Priori and posteriori errors estimates, UC property.
2020 Mathematics Subject Classification: 54H25; 47H10.

1 Introduction and Preliminaries

In recent years, the study of cyclic contraction mappings and their ordered pair generalizations has
garnered significant attention within fixed point theory [7, 12, 15, 1, 5, 6, 8, 9, 10]. These mappings
have proven instrumental in extending classical results to broader settings and have provided novel
insights into the existence of fixed points and best proximity points in metric spaces.
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In this paper, we introduce the concept of cyclic ϑ-quasi-contraction for ordered pairs ((I, Ī)
, (J , J̄ )) and thoroughly investigate the conditions under which optimal coupled best proxim-
ity points exist and are unique. Our findings demonstrate that the well-known cyclic ϑ-quasi-
contractions are indeed a specific instance within this introduced new class of ordered paired con-
tractions. Furthermore, a substantial part of our work is dedicated to establishing a priori and a
posteriori estimates of the best proximity point error for the Picard iteration method associated
with this class ofcyclic contraction ordered pairs. We particularly highlight important results tai-
lored for cyclic ϑ-quasi-contractions, demonstrating their behavior in a uniformly convex Banach
space with a power modulus of convexity.

In Paper [14], the author employs geometric progressions for estimations, thus necessitating the
condition that the modulus of convexity is of power type, which prevents the generalization of his
results to larger classes of cyclic contractions. At the conclusion of the paper, the author poses the
question of whether error estimates can be derived if the modulus of convexity is not of power type,
and whether a method can be established for error estimation for cyclic ϑ-contractions. The proofs
presented in this paper enable error estimation without recourse to geometric progressions. The
error calculation in an arbitrarily uniformly convex Banach space is performed solely utilizing its
modulus of convexity function, and an error estimation for cyclic ϑ-contraction is provided. This
method provides an answer to the questions posed in the paper [14].

In the following, we present the essential definitions and concepts for the subsequent discussions.
Let us begin by considering two non-empty subsets, K and V of a metric space (W, ϱ). The term
ϱ(K,V) defined as ϱ(K,V) := inf{ϱ(u, v) : u ∈ K, v ∈ V}. For any pair (u, v) ∈ K×V, we introduce
concept ϱ∗(u, v) by ϱ∗(u, v) := ϱ(u, v) − ϱ(K,V). This function ϱ∗ satisfies a generalized triangle
inequality-like property. Specifically, for any elements u, u′ ∈ K and v ∈ V, the following holds:

ϱ∗(u, v) ≤ ϱ(u, u′) + ϱ∗(u′, v).

A corresponding relation holds for elements in V: for all u ∈ K and v, v′ ∈ V, we have:

ϱ∗(u, v) ≤ ϱ∗(u, v′) + ϱ(v′, v).

Let self mapping G : K ∪ V → K ∪ V, maps K into V and V into K (i.e., G(K) ⊆ V and G(V) ⊆ K),
then G is termed a cyclic map. A cyclic map G satisfying the following inequality:

ϱ∗(Gu,Gv) ≤ kϱ∗(u, v), (I)

for all u ∈ K and v ∈ V, where k ∈ [0, 1) is a constant; is termed a cyclic contraction map [2]. An
element u∗ ∈ K constitutes a best proximity point of G if it satisfies the condition: ϱ(u∗,Gu∗) =
ϱ(K,V). Notably, if the sets K and V have a non-empty intersection, then every best proximity
point of G is a fixed point of G.

Definition 1.1. [3, 13] Let K and V be non-empty subsets of the metric space (W, ϱ). The pair
(K,V) is said to satisfy the UC property whenever sequences {un} and {u′n} in K and a sequence
{vn} in V satisfy

lim
n→∞

ϱ(un, vn) = lim
n→∞

ϱ(a′n, vn) = ϱ(K,V),

it necessarily follows that:
lim
n→∞

ϱ(un, u
′
n) = 0.
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It has been established by Suzuki et al. [13] that if K and V are non-empty subsets of a uniformly
convex Banach space W such that K is convex, then the pair (K,V) possesses the UC property.
Furthermore, the UC property holds in any metric space (W, ϱ) if, ϱ(K,V) = 0.

Definition 1.2. [4] The modulus of convexity of a Banach spaceW is the function δW : [0, 2] → [0, 1]
defined by

δW(ϵ) = inf
{
1− ∥u+ v

2
∥ : ∥u∥ ≤ 1, ∥v∥ ≤ 1, ∥u− v∥ ≥ ϵ

}
.

The norm of the space is called uniformly convex if δW(ϵ) > 0 for every ϵ > 0. A space (W, ∥.∥)
endowed with such a norm is called uniformly convex Banach space.

It is noteworthy that, within a uniformly convex Banach space (W, ∥·∥), the modulus of convexity
δW possesses the important feature of being strictly increasing. This guarantees the existence of its
inverse mapping, δ−1

W , which is also strictly increasing. For the remainder of this work, a uniformly
convex Banach space, along with its modulus of convexity, is represented by the triplet (W, ∥·∥, δW).

Remark 1.3. [4] Let (W, ∥·∥, δW) be a uniformly convex Banach space. For any elements u, u′, v ∈
W and constants R > 0 and r ∈ [0, 2R], if the conditions ∥u−v∥ ≤ R, ∥u′−v∥ ≤ R and ∥u−u′∥ ≥ r
are satisfied, then the following implication is valid:∥∥∥∥u+ u′

2
− v

∥∥∥∥ ≤
(
1− δW

( r
R

))
R. (1)

Lemma 1.4. Suppose that K and V be non-empty subsets of a uniformly convex Banach space
(W, ∥ · ∥, δW) such that K is convex and ϱ := ϱ(K,V) > 0. For any elements u, u′ ∈ K, v ∈ V and
constants R > 0 and r ∈ [0, 2R], if the conditions ∥u− v∥ ≤ R, ∥u′ − v∥ ≤ R and ∥u− u′∥ ≥ r are
satisfied, then

∥u− u′∥ ≤ Rδ−1
W (

R− ϱ

R
).

Proof. Let u, u′ ∈ K, v ∈ V, R > 0 such that{
∥u− v∥ ≤ R
∥u′ − v∥ ≤ R.

Since (W, ∥ · ∥, δW) be a uniformly convex Banach space and ∥u− u′∥ ≤ 2R, then

ϱ ≤ ∥u+ u′

2
− v∥ ≤ (1− δW(

∥u− u′∥
R

))R.

Also, δ−1
W is strictly increasing. So, we get

∥u− u′∥ ≤ Rδ−1
W (

R− ϱ

R
).

■
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Definition 1.5. [15, Definition 2.1] Let K, K̄, V and V̄ be non-empty subsets of the metric space
(W, ϱ). Letting I : K × K̄ → V and Ī : K × K̄ → V̄, the ordered pair (u∗, ū∗) ∈ K × K̄ is called a
coupled best proximity point of (I, Ī) if

ϱ∗(u∗, I(u∗, ū∗)) = ϱ(K,V) and ϱ∗(ū∗, Ī(u∗, ū∗)) = ϱ(K̄, V̄).

When I(u∗, ū∗) = u∗ and Ī(u∗, ū∗) = ū∗, then (u∗, ū∗) is called a coupled fixed point of (I, Ī).
Letting J : V × V̄ → K and J̄ : V × V̄ → K̄, the ordered pair of orderer pairs ((u∗, ū∗), (v∗, v̄∗)) ∈
(K × K̄)× (V × V̄) is called an optimal pair of coupled fixed point of ((I, Ī), (J , J̄ )) if

I(u∗, ū∗) = u∗, Ī(u∗, ū∗) = ū∗, J (v∗, v̄∗) = v∗, J̄ (v∗, v̄∗) = v̄∗

and
ϱ(u∗, v∗) = ϱ(K,V) and ϱ(ū∗, v̄∗) = ϱ(K̄, V̄).

2 cyclic ϑ-quasi-contraction ordered pairs of mappings

Let I denote the identity function on R, and let

Θ := {θ : R+ → R+ : θ is strictly increasing and I − θ is increasing}.

For any function ϑ ∈ Θ, the following properties are satisfied:

� ϑ(s) > 0 for all s > 0;

� (I − ϑ)(s) < s for all s > 0;

� ϑ is continuous;

� The strictly increasing nature of ϑ ensures the existence of its inverse function, ϑ−1. This
inverse function, ϑ−1, is itself strictly increasing.

Definition 2.1. Let K, K̄, V, and V̄ be non-empty subsets of the metric space (W, ϱ). Consider
the mappings I : K × K̄ → V, Ī : K × K̄ → V̄, J : V × V̄ → K, and J̄ : V × V̄ → K̄. The ordered
pair of ordered pairs ((I, Ī), (J , J̄ )) is said to be a cyclic ϑ-quasi-contraction ordered pair if there
exists ϑ ∈ Θ such that the following inequality holds for all (u, ū) ∈ K × K̄ and (v, v̄) ∈ V × V̄:

ϱ∗(I(u, ū),J (v, v̄)) + ϱ∗(Ī(u, ū), J̄ (v, v̄)) ≤ (I − ϑ)
(
max

{
ϱ∗(u, v) + ϱ∗(ū, v̄)

, ϱ∗(u, I(u, ū)) + ϱ∗(ū, Ī(u, ū)), ϱ∗(v,J (v, v̄)) + ϱ∗(v̄, J̄ (v, v̄))
})
. (2)

Note that throughout this article we will consider sequences {un} and {ūn} as defined below.

Definition 2.2. [15, Definition 2.6] Let K, K̄, V and V̄ be non-empty subsets of the metric space
(W, ϱ) and I : K × K̄ → V, Ī : K × K̄ → V̄, J : V × V̄ → K, and J̄ : V × V̄ → K̄ be mappings. Let
the sequences {un} and {ūn} be defined with initial values u0 = u ∈ K and ū0 = ū ∈ K̄ and

u2n+1 := I(u2n, ū2n), u2n+2 := J (u2n+1, ū2n+1),

ū2n+1 := Ī(u2n, ū2n), ū2n+2 := J̄ (u2n+1, ū2n+1).
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Example 2.3. Let K, K̄, V, and V̄ be non-empty subsets of the metric space (W, ϱ). Consider the
mappings I : K × K̄ → V, Ī : K × K̄ → V̄, J : V × V̄ → K, and J̄ : V × V̄ → K̄. If there exist
non-negative numbers α, β such that ξ := max{α, β} < 1 and the following inequality holds:

ϱ∗(I(u, ū),J (v, v̄)) + ϱ∗(Ī(u, ū), J̄ (v, v̄)) ≤ αϱ∗(u, v) + βϱ∗(ū, v̄),

for all u ∈ K, v ∈ V, then

ϱ∗(I(u, ū),J (v, v̄)) + ϱ∗(Ī(u, ū), J̄ (v, v̄)) ≤ ξ(ϱ∗(u, v) + ϱ∗(ū, v̄)),

for all u ∈ K, v ∈ V. So, the ordered pair of orderer pairs ((I, Ī), (J , J̄ )) [12] is a cyclic ϑ-quasi-
contraction ordered pair with ϑ(t) := (1− ξ)t for all t ≥ 0.

Example 2.4. Let K and V be non-empty subsets within the metric space (W, ϱ), and let x ∈ W
be an arbitrary element. Consider a cyclic contraction G : K∪V → K∪V (defined in [11]) satisfying
the condition:

ϱ∗(Gu,Gv) ≤ (I − ϑ)
(
max{ϱ∗(u, v), ϱ∗(u,Gu), ϱ∗(v,Gv)}

)
,

for all u ∈ U , v ∈ V. Let K̄ = V̄ := {x} and define mappings I : K × K̄ → V, Ī : K × K̄ → V̄,
J : V × V̄ → K, and J̄ : V × V̄ → K̄ as the following:

I(u, x) = Gu, Ī(u, x) = x, J (v, x) = Gv and J̄ (v, x) = x,

for all u ∈ K and v ∈ V. So, we have

ϱ∗(Ī(u, x), J̄ (v, x)) = ϱ∗(x, Ī(u, x)) = ϱ∗(x, J̄ (v, x)) = ϱ∗(x, x) = −ϱ(K̄, V̄) = 0.

Consequently, ((I, Ī), (J , J̄ )) constitutes a cyclic ϑ-contraction. This is demonstrated by the fol-
lowing for all u ∈ K and v ∈ V:

ϱ∗(I(u, x),J (v, x)) + ϱ∗(Ī(u, x), J̄ (v, x)) =ϱ∗(Gu,Gv)
≤ (I − ϑ)

(
max{ϱ∗(u, v), ϱ∗(u,Gu), ϱ∗(v,Gv)}

)
= (I − ϑ)

(
max{ϱ∗(u, v) + ϱ∗(x, x), ϱ∗(u, I(u, x))

+ ϱ∗(x, Ī(u, x)), ϱ∗(v,J (v, x)) + ϱ∗(x, J̄ (v, x))}
)
.

The sequences {un} and {ūn} with initial values u0 = u and ū0 = x, are as follows:

u2n+1 := I(u2n, x) = Gu2n, u2n+2 := J (u2n+1, x) = Gu2n+1,

ū2n+1 := Ī(u2n, x) = x, ū2n+2 := J̄ (u2n+1, x) = x.

So, {un} = {Gnu0} and {ūn} = {x}.

Example 2.5. Let K and V be non-empty subsets of the metric space (W, ϱ). Consider the
mappings I : K × K → V and J : V × V → K. The ordered pair (I,J ) is said to be a cyclic
contraction ordered pair if there exist non-negative numbers α, β, γ such that ξ := α + β + γ < 1
and the following inequality holds for all (u, ū) ∈ K ×K and (v, v̄) ∈ V × V:

ϱ∗(I(u, ū),J (v, v̄)) ≤ αϱ∗(u, v) + βϱ∗(u, I(u, ū)) + γϱ∗(v,J (v, v̄)). (3)
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Let K̄ = K and V̄ = V and define mappings Ī : K ×K → V and J̄ : V × V → K as the following:

Ī(u, ū) = I(ū, u), J̄ (v, v̄) = J (v̄, v),

for all (u, ū) ∈ K ×K and (v, v̄) ∈ V × V. From (3), we have

ϱ∗(Ī(u, ū), J̄ (v, v̄)) = ϱ∗(I(ū, u),J (v̄, v))

≤ αϱ∗(ū, v̄) + βϱ∗(ū, Ī(u, ū)) + γϱ∗(v̄, J̄ (v, v̄)).

Hence

ϱ∗(I(u, ū),J (v, v̄)) + ϱ∗(Ī(u, ū), J̄ (v, v̄)) ≤ α(ϱ∗(u, v) + ϱ∗(ū, v̄))

+ β(ϱ∗(u, I(u, ū)) + ϱ∗(ū, Ī(u, ū))) + γ(ϱ∗(v,J (v, v̄)) + ϱ∗(v̄, J̄ (v, v̄)))

≤ ξmax
{
ϱ∗(u, v) + ϱ∗(ū, v̄), ϱ∗(u, I(u, ū)) + ϱ∗(ū, Ī(u, ū))
, ϱ∗(v,J (v, v̄)) + ϱ∗(v̄, J̄ (v, v̄))

}
.

So, the ordered pair of orderer pairs ((I, Ī), (J , J̄ )) is a cyclic ϑ-quasi-contraction ordered pair
with ϑ(t) := (1− ξ)t for all t ≥ 0.

We continue this section with the following fundamental and applicable lemma.

Lemma 2.6. Assume K, K̄, V, and V̄ are non-empty subsets of the metric space (W, ϱ). Let
I : K × K̄ → V, Ī : K × K̄ → V̄, J : V × V̄ → K, and J̄ : V × V̄ → K̄ be mappings such that
the combination ((I, Ī), (J , J̄ )) be a cyclic ϑ-quasi-contraction ordered pair. Then, the following
assertions hold:

(i) For any pair of natural numbers m and n satisfying the condition n ≥ m, we can state that:

0 ≤ ϱ∗(u2m, u2n+1) + ϱ∗(ū2m, ū2n+1) ≤ (I − ϑ)2m(Ru0,ū0),

where Ru0,ū0 := ϑ−1(ϱ(u0, u2) + ϱ(ū0, ū2)).

(ii) For every positive real number ϵ, there must exist an index m ∈ N such that for all n with
n ≥ m, we have: ϱ(u2m, u2n+1) ≤ ϱ(K,V) + ϵ and ϱ(ū2m, ū2n+1) ≤ ϱ(K̄, V̄) + ϵ.

Proof. Let n ∈ N and

δ[Ω∗(u0, ū0, n)] := max{ϱ∗(u2i, u2j+1) + ϱ∗(ū2i, ū2j+1) : 0 ≤ i, j ≤ n}.

Our primary step is to establish that for every natural number n, the following relationship holds:

δ[Ω∗(u0, ū0, n)] = ϱ∗(u0, u2j+1) + ϱ∗(ū0, ū2j+1), where 0 ≤ j ≤ n. (4)

Let us assume that δ[Ω∗(u0, ū0, n)] = ϱ∗(u2i, u2j+1) + ϱ∗(ū2i, ū2j+1), with the constraints 1 ≤ i ≤ n
and 0 ≤ j ≤ n. Given that ((I, Ī), (J , J̄ )) is a cyclic ϑ-contraction pair, as defined by relation (2),
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we can write the following sequence of inequalities:

ϱ∗(u2i, u2j+1) + ϱ∗(ū2i, ū2j+1) = ϱ∗(I(u2j , ū2j),J (u2i−1, ū2i−1)) + ϱ∗(Ī(u2j , ū2j), J̄ (u2i−1, ū2i−1))

≤ (I − ϑ)max

{
ϱ∗((u2i−1, u2j) + ϱ∗(ū2i−1, ū2j))

, ϱ∗(u2j , I(u2j , ū2j)) + ϱ∗(ū2j , Ī(u2j , ū2j))

, ϱ∗(u2i−1,J (u2i−1, ū2i−1)) + ϱ∗(ū2i−1, J̄ (u2i−1, ū2i−1))

}
≤ (I − ϑ)max

{
ϱ∗((u2i−1, u2j) + ϱ∗(ū2i−1, ū2j))

, ϱ∗(u2j , u2j+1) + ϱ∗(ū2j , ū2j+1), ϱ
∗(u2i−1, u2i) + ϱ∗(ū2i−1, ū2i)

}
≤ (I − ϑ)(δ[Ω∗(u0, ū0, n)]).

The preceding inequalities lead directly to the conclusion that ϑ(δ[Ω∗(u0, ū0, n)]) ≤ 0. Since ϑ
is a strictly increasing function, this inequality forces δ[Ω∗(u0, ū0, n)] = 0. Hence, we must have
δ[Ω∗(u0, ū0, n)] = ϱ∗(u0, u1) + ϱ∗(ū0, ū1). Consequently, this confirms the validity of equation (4).

We shall now demonstrate that for all natural numbers n, the following inequality holds true:

δ[Ω∗(u0, ū0, n)] ≤ Ru0,ū0 . (5)

Consider the case where δ[Ω∗(u0, ū0, n)] = ϱ∗(u0, u1) + ϱ∗(ū0, ū1). By applying the triangular
inequality, we establish the subsequent chain of relations:

δ[Ω∗(u0, ū0, n)] = ϱ∗(u0, u1) + ϱ∗(ū0, ū1)

≤ ϱ(u0, u2) + ϱ(ū0, ū2) + ϱ∗(u2, u1) + ϱ∗(ū2, ū1)

≤ ϱ(u0, u2) + ϱ(ū0, ū2) + (I − ϑ)(δ[Ω∗(u0, ū0, n)]).

Under these conditions, the result we obtain is:

δ[Ω∗(u0, ū0, n)] ≤ ϑ−1(ϱ(u0, u2) + ϱ(ū0, ū2)).

Next, we analyze the situation where δ[Ω∗(u0, ū0, n)] = ϱ∗(u0, u2j+1) + ϱ∗(ū0, ū2j+1)), with the
constraint 1 < j ≤ n. A similar application of the triangle inequality yields:

δ[Ω∗(u0, ū0, n)] = ϱ∗(u0, u2j+1) + ϱ∗(ū0, ū2j+1))

≤ ϱ(u0, u2) + ϱ(ū0, ū2) + ϱ∗(u2, v2j+1) + ϱ∗(ū2, v̄2j+1)

≤ ϱ(u0, u2) + ϱ(ū0, ū2) + (I − ϑ)(δ[Ω∗(u0, ū0, n)]).

In this particular scenario, the conclusion remains the same:

δ[Ω∗(u0, ū0, n)] ≤ ϑ−1(ϱ(u0, u2) + ϱ(ū0, ū2)).
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So, the fulfillment of inequality (5) is confirmed. To proceed with the proof of part (i), we note that
for some m ≤ i, j ≤ m+ n, we have

δ[Ω∗(u2m, ū2m, 2n+ 1)] = ϱ∗(u2i, u2j+1) + ϱ∗(ū2i, ū2j+1)

≤ (I − ϑ)max

{
ϱ∗((u2i−1, u2j) + ϱ∗(ū2i−1, ū2j))

, ϱ∗(u2j , u2j+1) + ϱ∗(ū2j , ū2j+1), ϱ
∗(u2i−1, u2i) + ϱ∗(ū2i−1, ū2i)

}
≤ (I − ϑ)2(δ[Ω∗(u2m−2, ū2m−2, 2n+ 3)]).

Drawing upon the preceding results, for all n ≥ m ≥ 0, we deduce that:

0 ≤ ϱ∗(u2m, u2n+1) + ϱ∗(ū2m, ū2n+1) ≤ (I − ϑ)2(δ[Ω∗(u2m−2, ū2m−2, 2n+ 3)])

≤ (I − ϑ)4(δ[Ω∗(u2m−4, ū2m−4, 2n+ 5)])

...

≤ (I − ϑ)2m(δ[Ω∗(u0, ū0, 2n+ 2m+ 1)])

≤ (I − ϑ)2m(Ru0,ū0). (6)

(ii) Turning to the second part, based on the inherent characteristics of ϑ and relation (6), we
observe that for any n ∈ N:

Ru0,ū0 ≥ (I − ϑ) (Ru0,ū0) ≥ (I − ϑ)2 (Ru0,ū0) ≥ · · · ≥ 0.

This demonstrates that the sequence of terms given by {(I − ϑ)k (Ru0,ū0)} is non-increasing and
bounded. Let us limk→∞(I − ϑ)k (Ru0,ū0) = s, where s ≥ 0. From the continuity of the operator
I − ϑ, we find that:

(I − ϑ)(s) = s.

This equality simplifies to ϑ(s) = 0. Utilizing the known properties of ϑ, specifically its strictly in-
creasing nature, we conclude that s = 0. The completion of the proof is now achieved by referencing
the result established in part (i). ■

The next lemma is a direct consequence of Lemma 2.6(ii).

Lemma 2.7. Within the metric space (W, ϱ), assume that K, K̄, V, and V̄ are non-empty subsets.
The mappings I : K×K̄ → V, Ī : K×K̄ → V̄, J : V ×V̄ → K, and J̄ : V ×V̄ → K̄ are defined such
that the composition ((I, Ī), (J , J̄ )) is a cyclic ϑ-quasi-contraction ordered pair. Then, if the UC
property applies to any of the pairs (K,V), (V,K), (K̄, V̄), or (V̄, K̄), then the associated sequence
namely {u2n}, {u2n+1}, {ū2n}, or {ū2n+1} in order is a Cauchy sequence.

We now have the necessary tools to prove our first main result. The subsequent theorem focuses
on establishing the existence and uniqueness of a coupled best proximity point pertaining to a cyclic
ϑ-quasi-contraction ordered pair ((I, Ī), (J , J̄ )).
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Theorem 2.8. Let K, K̄, V and V̄ be non-empty closed subsets of the complete metric space (W, ϱ)
such that the pairs (K,V) and (K̄, V̄) have the UC property. Let I : K × K̄ → V, Ī : K × K̄ → V̄,
J : V × V̄ → K and J̄ : V × V̄ → K̄ be mappings such that ((I, Ī), (J , J̄ )) be a cyclic ϑ-quasi-
contraction ordered pair. Then (I, Ī) has a unique coupled best proximity point (u∗, ū∗) ∈ K × K̄
such that for all (u0, ū0) ∈ K × K̄ there hold

u2n → u∗ and ū2n → ū∗.

Proof. Lemma 2.7 guarantees the existence of u∗ ∈ K and ū∗ ∈ K̄ such that

u2n → u∗ and ū2n → ū∗.

Now, from Lemma 2.6(ii), we have

ϱ∗(I(u∗, ū∗), u∗) + ϱ∗(Ī(u∗, ū∗), ū∗) = lim
n→∞

(
ϱ∗(I(u∗, ū∗), u2n) + ϱ∗(Ī(u∗, ū∗), ū2n)

)
= lim

n→∞

(
ϱ∗(I(u∗, ū∗),J (u2n−1, ū2n−1)) + ϱ∗(Ī(u∗, ū∗), J̄ (u2n−1, ū2n−1))

)
≤ lim

n→∞
(I − ϑ)

(
max

{
ϱ∗(u∗, u2n−1) + ϱ∗(ū∗, ū2n−1), ϱ

∗(u∗, I(u∗, ū∗)) + ϱ∗(ū∗, Ī(u∗, ū∗))

, ϱ∗(u2n−1, u2n) + ϱ∗(ū2n−1, ū2n)
})

= (I − ϑ)
(
ϱ∗(u∗, I(u∗, ū∗)) + ϱ∗(ū∗, Ī(u∗, ū∗))

)
,

hence, ϑ
(
ϱ∗(u∗, I(u∗, ū∗)) + ϱ∗(ū∗, Ī(u∗, ū∗))

)
= 0. So we get ϱ(u∗, I(u∗, ū∗)) = ϱ(K,V) and

ϱ∗(Ī(u∗, ū∗), ū∗) = ϱ(K,V).
For uniqueness, suppose that (z∗, z̄∗) ∈ K×K̄ is another coupled best proximity point of (I, Ī).

Using (2), it is easy to prove that

ϱ∗
(
J
(
I(u∗, ū∗), Ī(u∗, ū∗)

)
, I(u∗, ū∗)

)
+ ϱ∗

(
J̄
(
I(u∗, ū∗), Ī(u∗, ū∗)

)
, Ī(u∗, ū∗)

)
= 0, (7)

Since (K,V) and (K̄, V̄) possess the UC property, it follows from (7) that J
(
I(u∗, ū∗), Ī(u∗, ū∗)

)
=

u∗ and J̄
(
I(u∗, ū∗), Ī(u∗, ū∗)

)
= ū∗. A similar argument establishes that J

(
I(z∗, z̄∗), Ī(z∗, z̄∗)

)
=

z∗ and J̄
(
I(z∗, z̄∗), Ī(z∗, z̄∗)

)
= z̄∗. Consequently, by using (2), we have

ϱ∗(u∗, I(z∗, z̄∗)) + ϱ∗(ū∗, Ī(z∗, z̄∗))

= ϱ∗
(
J
(
I(u∗, ū∗), Ī(u∗, ū∗)

)
, I(z∗, z̄∗)

)
+ ϱ∗

(
J̄
(
I(u∗, ū∗), Ī(u∗, ū∗)

)
, Ī(z∗, z̄∗)

)
≤ (I − ϑ)

(
ϱ∗(z∗, I(u∗, ū∗)) + ϱ∗(z̄∗, Ī(u∗, ū∗))

)
= (I − ϑ)

(
ϱ∗
(
J
(
I(z∗, z̄∗), Ī(z∗, z̄∗)

)
, I(u∗, ū∗)

)
+ ϱ∗

(
J̄
(
I(z∗, z̄∗), Ī(z∗, z̄∗)

)
, Ī(u∗, ū∗)

))
≤ (I − ϑ)

(
ϱ∗(u∗, I(z∗, z̄∗)) + ϱ∗(ū∗, Ī(z∗, z̄∗))

)
,

Therefore, we obtain ϱ(u∗, I(z∗, z̄∗)) = ϱ(z∗, I(z∗, z̄∗)) = ϱ(K,V). The UC property of (K,V)
implies that z∗ = u∗. Similarly, we can prove that z̄∗ = ū∗. ■
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3 On the error estimates of successive approximation sequences

Consider sequences {un} and {ūn} as the same sequence introduced in the previous section. To
achieve our goals in this section, for all n ≥ 0 consider Ru0,ū0 and Run,ūn as follow:

Ru0,ū0 := ϑ−1(ϱ(u0, u2) + ϱ(ū0, ū2))

and

Run,ūn := ϑ−1(ϱ(un, un+2) + ϱ(ūn, ūn+2)).

Also, assume that ϱ := ϱ(K,V) and ϱ̄ := ϱ(K̄, V̄).

Theorem 3.1. Let K, K̄, V and V̄ be non-empty closed subsets of the complete metric space (W, ϱ)
and I : K × K̄ → V, Ī : K × K̄ → V̄, J : V × V̄ → K and J̄ : V × V̄ → K̄ be mappings. Let there
exists ϑ ∈ Θ such that there holds the inequality

ϱ(I(u, ū),J (v, v̄)) + ϱ(Ī(u, ū), J̄ (v, v̄)) ≤ (I − ϑ)
(
max

{
ϱ(u, v) + ϱ(ū, v̄), ϱ(u, I(u, ū))

+ ϱ(ū, Ī(u, ū)), ϱ(v,J (v, v̄)) + ϱ(v̄, J̄ (v, v̄))
})
.

for all (u, ū) ∈ K × K̄ and (v, v̄) ∈ V × V̄. Then

(i) ((I, Ī), (J , J̄ )) has a unique common coupled fixed point (u∗, ū∗) ∈ (K × K̄) ∩ (V × V̄) such
that for all (u0, ū0) ∈ (K × K̄) ∪ (V × V̄) there hold

un → u∗ and ūn → ū∗;

(ii) a priori error estimate holds in the following implication:

ϱ(u∗, un) + ϱ(ū∗, ūn) ≤ (I − ϑ)n(Ru0,ū0);

(iii) a posteriori error estimate holds in the following implication:

ϱ(u∗, un) + ϱ(ū∗, ūn) ≤ Run,ūn .

Proof. Exactly the same as the proof of Lemma 2.6, for all natural numbersm and n with n ≥ m ≥ 0,
we can prove that

0 ≤ ϱ∗(u2m, u2n+1) + ϱ∗(ū2m, ū2n+1) ≤ (I − ϑ)2m(Ru0,ū0), (8)

this implies that ϱ = ϱ̄ = 0. Now, the assertions are derived from (8) and Theorem 2.8. ■

Let K, K̄, V, and V̄ be non-empty, closed, and convex subsets of a uniformly convex Banach
space (W, ∥ · ∥, δW). Then all conditions of Theorem 2.8 are then satisfied, yielding the existence
and uniqueness of an optimal pair of coupled fixed points for ((I, Ī), (J , J̄ )). The next theorem,
like in [12, 15, 14], aims to establish a priori and a posteriori error estimates for the Picard iteration
(I, Ī)n(u0, ū0) = (un, ūn) when, ϱ := ϱ(K,V) > 0 and ϱ̄ := ϱ(K̄, V̄) > 0.
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Theorem 3.2. Let K, K̄, V and V̄ be non-empty closed and convex subsets of a uniformly convex
Banach space (W, ∥ ·∥, δW). Let I : K×K̄ → V, Ī : K×K̄ → V̄, J : V ×V̄ → K and J̄ : V ×V̄ → K̄
be mappings such that ((I, Ī), (J , J̄ )) be a cyclic ϑ-quasi-contraction ordered pair. Then

(i) (I, Ī) has a unique coupled best proximity point (u∗, ū∗) ∈ K × K̄ such that for all (u0, ū0) ∈
K × K̄ there hold

u2n → u∗ and ū2n → ū∗.

(ii) when ϱ = ϱ(K,V) > 0, a priori error estimate and a posteriori error estimate hold in the
following implications, respectively:

(a) ∥u∗ − u2n∥ ≤ (Ru0,ū0 + ϱ) δ−1
W

(
(I−ϑ)2n(Ru0,ū0 )

ϱ

)
;

(b) ∥u2n − u∗∥ ≤ (Ru2n,ū2n + ϱ) δ−1
W

(
Ru2n,ū2n

Ru2n,ū2n+ϱ

)
;

(iii) when ϱ̄ = ϱ(K̄, V̄) > 0, a priori error estimate and a posteriori error estimate hold in the
following implications, respectively:

(a) ∥ū∗ − ū2n∥ ≤ (Ru0,ū0 + ϱ̄) δ−1
W

(
(I−ϑ)2n(Ru0,ū0 )

ϱ̄

)
;

(b) ∥ū2n − ū∗∥ ≤ (Ru2n,ū2n + ϱ̄) δ−1
W

(
Ru2n,ū2n

Ru2n,ū2n+ϱ̄

)
;

Proof. The proof of (i) follows directly from Theorem 2.8. (ii)(a) From Lemma 2.6, for n ≥ m ≥ 0
we have the inequalities

∥u2m − u2n+1∥ ≤ (I − ϑ)2m(Ru0,ū0) + ϱ

and

∥u2n − u2n+1∥ ≤ (I − ϑ)2n(Ru0,ū0) + ϱ ≤ (I − ϑ)2m(Ru0,ū0) + ϱ.

Now from Lemma 1.4 with u = u2n, u
′ = u2m, v = u2n+1 and R = (I − ϑ)2m(Ru0,ū0) + ϱ, we can

derive the chain of inequalities

∥u2n − u2m∥ ≤
(
(I − ϑ)2m(Ru0,ū0) + ϱ

)
δ−1
W

(
(I − ϑ)2m(Ru0,ū0)

(I − ϑ)2m(Ru0,ū0) + ϱ

)
≤ (Ru0,ū0 + ϱ) δ−1

W

(
(I − ϑ)2m(Ru0,ū0)

ϱ

)
.

Letting n→ ∞, we obtain

∥u∗ − u2m∥ ≤ (Ru0,ū0 + ϱ) δ−1
W

(
(I − ϑ)2m(Ru0,ū0)

ϱ

)
.
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(ii)(b) In a similar way, we have

∥u2n − u2m∥ ≤ (Ru2m,ū2m + ϱ) δ−1
W

(
(I − ϑ)0(Ru2m,ū2m)

(I − ϑ)0(Ru2m,ū2m) + ϱ

)
.

Letting n→ ∞, we obtain

∥u∗ − u2m∥ ≤ (Ru2m,ū2m + ϱ) δ−1
W

(
Ru2m,ū2m

Ru2m,ū2m + ϱ

)
.

The proof of other results is similar. ■

Combining the results from Example 2.4 and Theorem 3.2, we establish Theorem 4.5 in [11], a
key finding of that work.

Corollary 3.3. Let K and V be non-empty closed and convex subsets of a uniformly convex Banach
space (W, ∥ · ∥, δW) such that ϱ = ϱ(K,V) > 0. Consider a cyclic contraction G : K ∪ V → K ∪ V
satisfying the condition:

ϱ∗(Gu,Gv) ≤ (I − ϑ)
(
max{ϱ∗(u, v), ϱ∗(u,Gu), ϱ∗(v,Gv)}

)
,

for all u ∈ K, v ∈ V and some ϑ ∈ Θ. Then

(i) there exists a unique best proximity point u∗ of G in K such that there holds G2nu0 → u∗ for
every u0 ∈ K.

(ii) a priori error estimate holds in the following implication:

∥u∗ − u2n∥ ≤ (Ru0 + ϱ) δ−1
W

(
(I − ϑ)2n(Ru0)

ϱ

)
;

(iii) a posteriori error estimate holds in the following implication:

∥u2n − u∗∥ ≤ (Ru2n + ϱ) δ−1
W

(
Ru2n)

ϱ

)
;

where for all n ≥ 0

Ru0 := ϑ−1(ϱ(u0,G2u0)) and Ru2n = (I − φ)−1(d(u2m,G2u2m)).

Proof. This is a direct consequence of Example 2.4 and Theorem 3.2. Note that

Ru0 := Ru0,x = ϑ−1(ϱ(u0,G2u0) + ϱ(x, x)) = ϑ−1(ϱ(u0,G2u0)).

■
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