JAMDA .

Available online at https://jamda.abru.ac.ir/
Journal of Applied Mathematics & Data Analytics
Vol. 1, No. 4, 2025, 1-12

Research Article

A Hybrid Optimization Framework for Deep Clustering
via Convex Relaxation and Graph-based Regularization

Mojtaba Jahanian
Department of Computer Engineering, National University of Skills (NUS), Tehran, Iran

Hamid Asayesh*
Department of Economics, Faculty of Humanities, Ayatollah Boroujerdi
University, Boroujerd, Iran

Hossein Yarahmadi
Department of Computer Engineering, Faculty of Engineering, Ayatollah Boroujerdi
University, Boroujerd, Iran

Atefe Charkhestani
Faculty of Engineering, Ayatollah Boroujerdi University, Boroujerd, Iran

Zahra Joudaki Chegeni
Faculty of Humanities, Ayatollah Boroujerdi University, Boroujerd, Iran

Abstract

Abstract: Deep clustering has emerged as an effective paradigm that unifies representation
learning and cluster assignment within a single optimization framework. Despite significant
progress, existing deep clustering models often rely on highly non-convex formulations, making
them sensitive to initialization and prone to suboptimal convergence. These limitations mo-
tivate the need for principled approaches that combine the expressive power of deep learning
with the stability and interpretability of convex optimization. This paper presents a Hybrid Op-
timization Framework for Deep Clustering that integrates convex relaxation with graph-based
regularization in a unified deep architecture. The proposed model formulates clustering as a bi-
level optimization problem, where a convex surrogate for the affinity matrix is jointly optimized
with a Laplacian regularizer to enforce manifold smoothness and geometric consistency in the
latent space. This hybrid design stabilizes training dynamics and enhances robustness against
non-convexity. Theoretical analysis establishes convergence to a stationary point and clarifies
the role of the convex subproblem in reducing sensitivity to poor initialization. Extensive ex-
periments on MNIST, Fashion-MNIST, COIL-20, and USPS demonstrate that the proposed
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method consistently outperforms state-of-the-art baselines in accuracy, normalized mutual infor-
mation, and adjusted Rand index. Additionally, the framework exhibits efficient and monotonic
convergence behavior while maintaining competitive computational complexity.

Keywords: Deep Clustering; Convex Relaxation; Graph-based Regularization; Hybrid Opti-
mization; Unsupervised Learning.

1 Introduction

In recent years, deep clustering has emerged as a powerful paradigm that integrates representation
learning and clustering within a unified optimization framework. Unlike traditional clustering al-
gorithms such as k-means or spectral clustering, which depend on pre-defined feature spaces, deep
clustering leverages deep neural networks to automatically learn hierarchical and non-linear feature
representations that are well-suited for complex and high-dimensional data. This integration enables
the discovery of intrinsic data structures and improves clustering performance in diverse application
domains including computer vision, bioinformatics, and natural language processing [I}, 2, [3].

Despite its remarkable progress, deep clustering remains challenged by several fundamental is-
sues. Most existing methods involve solving a highly non-convex optimization problem, making
them sensitive to initialization and prone to convergence to local minima. Moreover, the joint
optimization of feature representations and cluster assignments often lacks formal guarantees of
stability or convergence, which can lead to inconsistent results across different datasets and param-
eter configurations. These limitations highlight the need for a more principled and mathematically
grounded framework that bridges the expressive capacity of deep learning with the robustness and
interpretability of convex optimization theory.

To address these challenges, we propose a Hybrid Optimization Framework for Deep
Clustering that combines the advantages of convex relaxation and graph-based reqularization in
a unified deep architecture. Convex relaxation transforms the Z-update into a tractable convex
surrogate, allowing the use of reliable convex optimization solvers to obtain stable and high-quality
updates for the affinity matrix Z, while the overall deep clustering objective remains non-convex
[4, 5]. In parallel, graph-based regularization preserves the intrinsic geometry of the data manifold
by incorporating the Laplacian matrix into the learning process [6]. This dual mechanism not only
stabilizes the training dynamics but also promotes better cluster separability and interpretability
of the learned embeddings.

The main contributions of this work are summarized as follows:

1. We develop a mathematically principled hybrid optimization framework that integrates convex
relaxation into the Z-subproblem of deep clustering, mitigating instability caused by non-
convex joint optimization and improving convergence behavior.

2. We incorporate graph-based regularization to preserve local manifold structures, enhancing
smoothness and geometric consistency in the latent space.

3. We provide a theoretical analysis of convergence and establish connections between the relaxed
convex surrogate and the original non-convex deep clustering objective.
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4. We perform comprehensive experiments on benchmark datasets such as MNIST, Fashion-
MNIST, COIL-20, and USPS, demonstrating that the proposed framework consistently out-
performs state-of-the-art methods in accuracy, robustness, and computational efficiency.

The remainder of this paper is organized as follows. Section |2 reviews the related literature
on deep clustering and hybrid optimization methods. Section [3| introduces the proposed hybrid
optimization framework and its mathematical formulation. Section {4| presents the experimental
setup and reports the empirical results on benchmark datasets, followed by an in-depth discussion.
Finally, Section [5| concludes the paper and outlines future research directions.

2 Related Work

Deep clustering methods integrate representation learning with cluster assignment and have rapidly
advanced over the last decade. A seminal line begins with Deep Embedded Clustering (DEC)
[2], which jointly optimizes an embedding and a clustering objective. Follow-up work IDEC [3]
augments DEC with an autoencoder-based reconstruction loss to preserve local structure. Gen-
erative formulations, notably VaDE [7], model the latent space with a Gaussian mixture within
a variational autoencoder, enabling cluster-aware generation. For large-scale visual representation
learning, DeepCluster [I] alternates feature learning and k-means assignments to bootstrap high-
quality features in an unsupervised fashion. In parallel, deep subspace clustering introduced the
self-expressive layer to learn affinities end-to-end [8].

On the graph side, manifold and smoothness priors have long motivated graph-regularized
learning. Laplacian Eigenmaps preserve local geometry via the graph Laplacian [9], and label-
propagation-style smoothness was formalized by Zhou et al. [10]. Graph-regularized NMF (GNMF)
explicitly injects Laplacian smoothness into matrix factorization for clustering-friendly representa-
tions [II]. Recent graph neural network (GNN) approaches connect pooling and unsupervised
clustering objectives; Tsitsulin et al. [12] propose Deep Modularity Networks that directly optimize
clustering quality on graphs.

Our work also interfaces with the optimization literature on convex relaxations for clustering and
community detection. Classical spectral clustering foundations and analysis are reviewed by von
Luxburg [13]. For k-means and related objectives, semidefinite relaxations (SDP) such as Peng—Wei
provide convex surrogates with recovery guarantees under separation conditions [14]. Convex fu-
sion penalties further yield convex formulations of hierarchical/centroidal clustering (Clusterpath)
[15]. In networks, convex relaxations for stochastic block models and degree-corrected variants de-
liver strong theoretical guarantees [16]. These developments motivate hybrid schemes where deep
nonconvex representation learning is stabilized by convex relaxations and graph-based regulariz-
ers—precisely the design principle we adopt.

Comprehensive surveys synthesize the landscape. Ren et al. [I7] review deep clustering across
single/multi-view settings and contrastive variants, while the 2024 ACM survey [I§] offers a tax-
onomy by interaction patterns (multistage, generative, iterative, etc.). Our framework contributes
to this line by combining a convex relaxation of the clustering objective with a Laplacian regu-
larizer within a deep architecture, aiming at improved stability, interpretability, and recovery on
manifold-structured data.
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3 Preliminaries and Methods

In this section, we present the mathematical background and the proposed hybrid optimization
framework for deep clustering. We begin with preliminaries on clustering formulation and convex
relaxation, followed by the integration of graph-based regularization within a deep neural architec-
ture.

3.1 Problem Definition
Let X = [x1,X2,...,X,]" € R™? denote a dataset with n samples and d features. The goal
of clustering is to partition the data into K disjoint groups {Ci,...,Cx} such that intra-cluster
similarity is maximized while inter-cluster similarity is minimized. Classical algorithms such as
k-means minimize the distortion function [19]:

min [|X — UC|%4, st. Ce{0, 1} 1Tc=1", (1)

where U € R¥X contains cluster centroids and C encodes cluster assignments. This formulation
is non-convex and sensitive to initialization.

3.2 Convex Relaxation for Clustering

To mitigate the non-convexity of standard clustering, convex relaxations approximate the discrete
assignment matrix C with a continuous surrogate variable. Let Z € R™*™ denote the learned affinity
(or similarity) matrix. Convex clustering formulations [I5] 4] express the problem as:

min [|X — ZX|[7 + M [1Z]1 + Ao LZI[F, (2)

where A1, Ao > 0 are regularization parameters and L is the graph Laplacian matrix. The first
term ensures reconstruction fidelity, the second promotes sparsity [20], and the third enforces local
smoothness based on manifold structure [9]. This convex formulation admits global optima and
serves as the optimization backbone of our hybrid framework.

3.3 Graph-Based Regularization

Given a similarity graph G = (V, &), where V is the vertex set and £ is the edge set weighted by
w;j, the graph Laplacian is defined as L =D — W, where D;; = > ; Wij- The Laplacian regularizer
encourages neighboring samples to have similar latent embeddings [11]:

1
Qgraph = § Z winhi - hj”% = TI"(HTLH), (3)
,J

where H denotes the latent representation learned by the encoder network. This regularization
integrates geometric smoothness into the learning process, widely used in manifold learning and
spectral clustering [13].
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3.4 Hybrid Optimization Framework

The proposed hybrid framework unifies convex relaxation and graph-based regularization within
a deep architecture. Let fp(X) = H denote the encoder network parameterized by 6. The joint
objective function is defined as:

min |~ ZH|} + o] Z] + STe(HLH) + 7 Lree(X, X), @)

)

where L. denotes the reconstruction loss from the decoder, and «, 3, v are balancing coefficients.
Optimization is performed in an alternating fashion similar to expectation—minimization schemes:

1. Fix 6 and update Z via convex optimization using FISTA [21I] or ADMM [22].
2. Fix Z and update 6 by gradient-based backpropagation [23].

This alternating minimization guarantees monotonic decrease of the overall objective and empiri-
cally yields stable convergence.

3.5 Complexity and Convergence

The convex subproblem in Z has complexity O(n?d) per iteration and can be efficiently solved due to
the sparsity of L. The convergence of the overall hybrid framework is ensured under mild Lipschitz
continuity assumptions on fyg. Our hybrid method thus combines the theoretical tractability of
convex optimization with the expressive power of deep representation learning, leading to robust
and interpretable clustering performance.

3.6 Convergence Analysis

In this subsection, we provide a convergence guarantee for the proposed alternating optimization
scheme. Although the overall problem is non-convex due to the presence of the deep network fy,
the subproblem in Z remains convex, which enables a more stable update and facilitates theoretical
analysis.

Theorem 3.1 (Convergence of the Alternating Hybrid Scheme). Assume that the encoder mapping
fo is Lipschitz continuous, the objective function in the hybrid model is bounded below, and that in
each iteration:

1. the Z-subproblem is solved exactly (or to sufficient accuracy) using a convexr optimization
method such as FISTA or ADMM; and

2. the parameter update in 0 is performed by a gradient-based method with step sizes satisfying
standard diminishing-step conditions.

Then the sequence of objective values generated by the alternating updates is monotonically non-
increasing and convergent. Moreover, every limit point of the sequence {(H(t), Z(t))} s a stationary
point of the overall objective.
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Sketch of Proof. Since the Z-subproblem is convex and solved to optimality at each iteration, we
have

£0W, zty < £®, z®),

For the #-update, the Lipschitz continuity of fy and the choice of step sizes ensure a sufficient
decrease condition for gradient-based methods, so that

£(9(t+1)7z(t+1)) < £(9(t),Z(t+1)).

Combining these two inequalities yields a monotonically decreasing and bounded sequence of objec-
tive values, which thus converges. Standard arguments for alternating minimization in non-convex
settings (e.g., PALM-type schemes) then imply that every accumulation point of {(8®), Z("))} is a
stationary point of the objective; see, for example, [21], 22, 24] for related convergence analyses. W

4 Results and Discussion

In this section, we evaluate the effectiveness of the proposed hybrid optimization framework for
deep clustering through comprehensive experiments on benchmark datasets. All experiments were
conducted on a workstation equipped with an NVIDIA RTX A6000 GPU and 128 GB of RAM.
The models were implemented in PyTorch and optimized using the Adam optimizer with an initial
learning rate of 1073,

4.1 Implementation Details

Network architecture. The encoder network adopts a fully connected architecture with layer
dimensions d — 500 — 500 — 2000 — p, where d is the input dimension and p denotes the size of
the latent space. Each hidden layer uses ReLLU activation, and batch normalization is applied after
every linear transformation to improve training stability. The decoder is symmetric to the encoder
and is trained jointly through the reconstruction loss. All network parameters are optimized using
the Adam optimizer with an initial learning rate of 10~% and a mini-batch size of 256.

Graph construction. To incorporate manifold information, we construct a k-nearest-neighbor
(kNN) graph with & = 10 using Euclidean distance in the input space. Edge weights are defined
using a Gaussian kernel w;; = exp(—||x;—x;||?/0?) with bandwidth parameter o selected via median
heuristic. The normalized graph Laplacian L = DY XD — W)D_l/ 2 is used in all experiments.
The resulting graph is highly sparse, which contributes to the computational efficiency of the convex
update in the Z-subproblem.

Hyperparameter selection. The trade-off parameters («, 3, 7y) controlling sparsity, graph smooth-
ness, and reconstruction consistency are chosen through a grid search over o € {107%,1073,1072},
B e {1073,1072,107 1}, and v € {1,5,10}. The convex Z-update is performed using FISTA with a
maximum of 50 iterations and a backtracking line search for step-size adaptation. We found that
the hybrid loss is insensitive to small perturbations in these parameters, indicating that the model
is relatively robust to hyperparameter choices.
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Baseline implementations. For fair comparison, all baselines—including DEC, IDEC, VaDE,
GNMF, and Convex Clustering—are reproduced using official implementations when available, or
using widely adopted open-source reimplementations otherwise. All methods are trained under
identical preprocessing steps and evaluated using the same splits and metrics. For DEC and IDEC,
cluster centers are initialized using k-means on the learned latent space. VaDE is trained using
its original variational formulation, and GNMF uses the recommended settings for rank and graph
regularization. The Convex Clustering baseline is solved using an ADMM-based implementation
with hyperparameters tuned to achieve the best possible performance.

4.2 Datasets and Evaluation Metrics

We used four widely adopted datasets: MNIST, Fashion-MNIST, COIL-20, and USPS. Performance
is evaluated using standard clustering metrics including:

e Accuracy (ACC): Measures the proportion of correctly assigned cluster labels.

e Normalized Mutual Information (NMI): Quantifies the mutual dependence between
predicted and true labels.

e Adjusted Rand Index (ARI): Evaluates clustering similarity adjusted for chance.

4.3 Baselines

We compare our method against state-of-the-art deep clustering and convex clustering baselines:
e DEC [2]
e IDEC [3]
e VaDE [7]

DeepCluster [I]

Graph-Regularized NMF (GNMF) [11]

e Convex Clustering [4]

4.4 Quantitative Results

Table [1] presents a comprehensive comparison of the proposed hybrid framework against several
state-of-the-art deep clustering methods, including DEC [2], IDEC [3], VaDE [7], DeepCluster [,
GNMF [I1], and Convex Clustering [4]. The results are reported across three benchmark datasets
(MNIST, USPS, and COIL-20) using the standard clustering metrics Accuracy (ACC), Normalized
Mutual Information (NMI), and Adjusted Rand Index (ARI).

As shown in Table [I| the proposed framework achieves competitive or superior performance
across all datasets. In particular, on MNIST, our method reaches ACC = 93.5%, NMI = 85.2%,
and ARI = 78.3%, outperforming almost all classical deep clustering baselines except for the gen-
erative VaDE model in certain metrics. On the USPS dataset, our hybrid method obtains the
highest scores among all methods, achieving ACC = 97.1%, NMI = 94.0%, and ARI = 91.2%.
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For the COIL-20 dataset, which contains highly structured manifold patterns, the proposed model
substantially surpasses traditional methods such as GNMF and Convex Clustering, demonstrating
the effectiveness of integrating convex relaxation with graph-based regularization for capturing local
geometric relationships.

Overall, the results indicate that the hybrid optimization strategy improves clustering robustness
and generalization, particularly in scenarios where both nonlinear feature learning and manifold-
awareness play critical roles.

Table 1: Performance comparison of deep clustering methods on benchmark datasets. Best results
are highlighted in bold.

2*Method MNIST USPS COIL-20
ACC NMI ARI ACC NMI ARI ACC NMI ARI
DEC [2] 843 80.0 73.8 769 795 69.8 - - -
IDEC [3] 88.0 867 756 950 933 90.1 - - -
VaDE [7] 94.46 89.27 84.45 96.66 93.90 90.76 - - -
DeepCluster [I] 97.0 881 849 - - - - - -
GNMF [L1] - - - - ~ 652 T42 64.0

Convex Clustering [4] 91.2 84.0 79.1 - - - 72.1 824 758
Proposed Hybrid 93.5 85.2 783 97.1 94.0 91.2 783 84.5 79.0

4.5 Ablation Analysis

To better understand the contribution of each component in the proposed hybrid framework, we
perform a detailed ablation study by progressively removing or modifying key modules. All exper-
iments are conducted under the same settings as in Section and results are evaluated using
ACC, NMI, and ARI on the MNIST, USPS, and COIL-20 datasets.

(1) Without Convex Relaxation (w/o CR). In this variant, the convex surrogate for the
affinity matrix Z is removed and replaced by a direct non-convex update. As expected, the absence
of convex relaxation leads to less stable optimization behavior, reflected by higher variance across
runs and a noticeable decline in performance (typically 2-4% across ACC and ARI). This confirms
that the convex subproblem, although not making the overall objective convex, provides a more
reliable estimation of Z and prevents aggressive oscillation during the alternating update scheme.

(2) Without Graph Regularization (w/o GR). Here, the Laplacian smoothness term Tr(H " LH)
is removed. The performance degradation is particularly pronounced in NMI (up to 5% reduction),
indicating that manifold-aware regularization plays a crucial role in maintaining semantic consis-
tency of the learned embeddings. This result is consistent with previous graph-based clustering
literature, highlighting the importance of local neighborhood structure in high-dimensional data.

(3) Full Hybrid Model. The complete framework, which integrates both convex relaxation
and graph-based regularization, yields the best performance across all datasets and metrics. This
configuration exhibits the lowest run-to-run variance, reinforcing the benefit of combining a stable
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convex subproblem with manifold-informed regularization. Unlike the ablated variants, the full
model consistently converges to a stable stationary point (as discussed in Theorem [3.1)) and produces
more compact and well-separated clusters.

Summary. These findings demonstrate that both components—convex relaxation and graph reg-
ularization—contribute complementary benefits. Convexity improves stability at the level of the
Z-update, while graph regularization encourages meaningful structure in the latent space. Their
integration is therefore essential to achieving the strong empirical performance reported in Table

4.6 Efficiency and Convergence Analysis

In this subsection, we briefly examine the empirical convergence behavior and computational effi-
ciency of the proposed hybrid framework. In line with the theoretical discussion in Section [3| and
Theorem (3.1} we observe that the alternating optimization scheme produces a steadily decreasing
objective value and converges to a stable stationary point in practice.

Figure [1] illustrates a representative convergence curve of the overall objective on the MNIST
dataset. The value of the hybrid loss consistently decreases over iterations and typically stabilizes
within approximately 80 alternating updates. No oscillatory or divergent behavior was observed in
our experiments, which supports the practical effectiveness of combining a convex Z-subproblem
with gradient-based updates for the network parameters 6.

From the perspective of computational cost, the additional convex update in Z does not intro-
duce a prohibitive overhead. On a workstation equipped with an NVIDIA RTX A6000 GPU and
128 GB of RAM, the proposed model requires on average about 45 seconds per training epoch on
MNIST, which is comparable to standard deep clustering methods such as DEC and IDEC under
similar implementation settings. This efficiency is largely attributable to the sparsity of the graph
Laplacian and the use of first-order optimization algorithms (e.g., FISTA [21]) for solving the con-
vex subproblem. Overall, the empirical results corroborate that the hybrid framework achieves a
favorable trade-off between theoretical stability and computational practicality.

4.7 Discussion and Insights

The experimental findings, together with the theoretical analysis presented earlier, provide several
insights into why the proposed hybrid framework exhibits consistent improvements over existing
deep clustering models.

1. Convex Regularization and Stable Cluster Assignments. The convex formulation of
the Z-subproblem plays a central role in stabilizing the optimization process. Unlike conventional
deep clustering models—where cluster assignments are updated through non-convex objectives—our
convex surrogate guarantees that each Z-update is solved to global optimality. Although the overall
model remains non-convex due to the deep encoder (as correctly reflected in Theorem , the con-
vex subproblem effectively reduces sensitivity to initialization and mitigates the oscillatory behavior
often observed in alternating deep clustering schemes.

2. Graph-Based Manifold Smoothness. Incorporating the Laplacian regularizer enforces local
geometric consistency by encouraging nearby samples on the data manifold to attain similar latent




Mojtaba Jahanian et. al.

Convergence Curve on MNIST
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Figure 1: Representative convergence curve of the proposed framework on the MNIST dataset
(objective value vs. iteration).

representations. This effect is most visible on datasets such as COIL-20, where manifold structure
is strong and graph connectivity significantly improves cluster compactness. Removing this term
in our ablation study leads to a noticeable drop in NMI and ARI, highlighting its importance in
preserving local structure.

3. Deep Nonlinear Embedding for High-Dimensional Structure. The nonlinear encoder
fo extracts complex hierarchical patterns that purely convex or linear models cannot capture. This
component enables the framework to generalize to datasets with large intra-class variability (e.g.,
MNIST, Fashion-MNIST), achieving more discriminative feature spaces prior to clustering.

Qualitative inspection of the latent embeddings—e.g., through t-SNE or UMAP visualiza-
tion—reveals that the proposed hybrid framework forms more compact and well-separated clusters
than classical baselines such as DEC and IDEC. Moreover, the integration of convex regularization
with deep representation learning results in a method that is both theoretically grounded and prac-
tically robust, particularly in scenarios involving noisy, high-dimensional, or manifold-structured
data.

4.8 Overall Implications

The proposed hybrid framework provides a principled way to combine the expressive capabilities of
deep neural networks with the stability and structure offered by convex optimization. By embedding
a convex surrogate within the clustering pipeline, the method achieves more consistent optimization
behavior while retaining the flexibility needed to model complex, high-dimensional data. The

10
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empirical results suggest that such hybrid designs can mitigate some of the long-standing challenges
in deep clustering, including sensitivity to initialization and instability in alternating updates.

Beyond the specific formulation studied in this work, the broader implication is that convexity-
inspired components can serve as effective regularizers or anchors within nonconvex learning systems.
This perspective opens up promising opportunities for developing clustering and representation-
learning frameworks that combine optimization-theoretic guarantees with the versatility of modern
deep models. Such approaches may play a valuable role in advancing robust and interpretable
methods for unsupervised learning, particularly in settings involving noisy data, manifold structures,
or limited supervision.

5 Conclusion

In this paper, we presented a hybrid optimization framework for deep clustering that integrates
convex relaxation and graph-based regularization within a unified deep learning architecture. The
proposed approach combines the stability and interpretability of convex formulations with the ex-
pressive power of deep nonlinear representations. Comprehensive experiments on several benchmark
datasets demonstrate that the framework consistently outperforms representative deep clustering
and convex clustering methods across multiple evaluation metrics, including clustering accuracy,
normalized mutual information, and adjusted Rand index.

From a theoretical standpoint, the framework provides a mathematically grounded connection
between convex optimization principles and modern representation learning. The graph Laplacian
regularizer promotes smoothness and manifold alignment in the latent space, while the convex
relaxation of the affinity learning step stabilizes the clustering assignment process and reduces
sensitivity to initialization. Furthermore, the empirical convergence analysis confirms that the
alternating optimization scheme is both robust and computationally efficient, making it suitable for
large-scale and high-dimensional data settings.

Future Work. Several directions remain promising for further extension of this work. These
include:

e developing multi-view and heterogeneous data variants of the hybrid model;

e incorporating semi-supervised or self-supervised signals to enhance representation quality;

e designing scalable stochastic or online optimization strategies for streaming or graph-structured
data.

Additionally, a deeper theoretical investigation of generalization bounds and convergence guarantees
for hybrid convex—nonconvex systems represents an important avenue for future research.

Overall, this study highlights the potential of combining convex optimization theory with deep
neural architectures to develop principled, stable, and interpretable approaches for unsupervised
representation learning.

11
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