
J. Appl. Math. & Data. Anal.

Available online at https://jamda.abru.ac.ir/
Journal of Applied Mathematics & Data Analytics doi:
Vol. 1, No. 3, 2025, 76-86
Research Article

The Sackin Index of Random Non-uniform Recursive

Trees

Ramin Kazemi∗

Department of Statistics, Imam Khomeini International University, Qazvin, Iran

Abstract

Abstract: A non-uniform recursive trees is a recursive tree with ordered sets of descendants. A
random non-uniform recursive tree of order n is one chosen with equal probability from the space
of all such trees. The Sackin index of a tree which summarizes the shape of a tree is defined as
the sum of the depths of its leaves. The mean and variance of this index in random non-uniform
recursive trees are given. Also, two inequalities related to this index are given.
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1 Introduction

A social networking site is an internet-based platform. In this platform, social relationships are
established with friends, family, colleagues, customers or clients. Social and business goals in social
networks can be pursued through well-known sites such as Facebook, Twitter, TikTok, LinkedIn,
Instagram, Telegram, Snapchat, WhatsApp and also YouTube. These sites develop relationships
very quickly and share information, messages and ideas. Therefore, social networks are an important
platform for marketers whose ultimate goal is to attract customers. A special and important type
of these platforms are tree-like structures. Trees are defined as connected graphs without cycles,
and their properties are basics of graph theory. A rooted tree is a tree with a countable number of
nodes, in which a particular node is distinguished from the others and called the root node.

Let G be a graph. The vertex (node) and edge sets of a G are denoted by V (G) and E(G),
respectively. The number of tail ends adjacent to a node v is called its outdegree and is denoted by
d+(v). A recursive tree with n nodes is an unordered rooted tree, where the nodes are labelled by
distinct integers from {1, 2, 3, ..., n} in such a way that the sequence of labels lying on the unique
path from the root node to any node in the tree are always forming an increasing sequence [5]. A
non-uniform recursive tree is a recursive tree with ordered sets of descendants. In recursive trees,
the ordering of the immediate descendants of a given node does not matter, as all ordering represent
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Figure 1: All 15 non-uniform recursive trees of order 4 [8]

the same tree. A random non-uniform recursive tree of order n is one chosen with equal probability
from the space of all such trees. There is a simple growth rule for the class of non-uniform recursive
trees. In this class, a random tree Tn, of order n, is obtained from Tn−1, a random tree of order
n−1, by choosing a parent in Tn−1 and adjoining a node labeled n to it. The node n can be adjoined
at any of the insertion positions or gaps between the children of the chosen parent since insertion in
each gap will give a different ordering. We can describe the non-uniform recursive trees evolution
process which generates random trees (of arbitrary order n) of grown trees. This description is a
consequence of the considerations made in:
Step 1: The process starts with the root labelled by 1.
Step i+1: At step i+1 the node with label i+1 is attached to any previous node v (with outdegree
d+(v)) of the already grown non-uniform recursive tree of order i with probability

pi+1(v) =
1 + d+(v)

2i− 1
.

Non-uniform recursive trees were introduced in the literature under a few different names such as
plane-oriented recursive trees, heap ordered trees, scale-free trees. All 15 non-uniform recursive
trees of order 4 are shown in Figure 1.

The distance Dn,j between the root and node j (the depth of j-th node) in a random non-uniform
recursive tree of order n has been studied by Mahmoud [4]. He proved that the mean and variance
of Dn,j are given by

E(Dn,j) = H2j−2 −
1

2
Hj−1,

Var(Dn,j) = H2j−2 −
1

2
Hj−1 −H(2)

2j−2 +
1

4
H

(2)
j−1,

where Hn, the n-th harmonic number and H
(2)
n is the n-th harmonic number of order 2. Then

E(Dn,j) = Var(Dn,j) = 1
2 log j + O(1). The total path length of a non-uniform recursive trees,
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namely,

In =
n∑

j=1

Dn,j ,

defined as the sum of all root-to-node distances. Linearity of expectation gives

E(In) =
(
H2n−3 −

1

2
Hn−2

)(
n− 1

2

)
− 1

2
(n− 1),

which is asymptotically equivalent to 1
2n log n. A node with outdegree zero is known as leaf node.

Originating from Sackin’s idea to analyze the leaf depths of a tree, the Sackin index is one of the
oldest and most widely applied measures of tree balance. It is defined for arbitrary rooted trees and
it is an imbalance index, i.e., for a fixed n ∈ N≥1, it increases with decreasing balance of the tree.
Its basic idea is to sum up the distances of all leaves to the root of the tree. Note that if this sum
is small, it basically implies that all leaves are relatively close to the root, which makes the tree
balanced [9, 10]. Let Sn be the Sackin index of a tree of order n and Γ(·) be the gamma function.
Moradian et al. [6] have studied the Sackin index in random recursive trees. They showed that

E(Sn) =
n

2

(
Hn −

1

2

)
.

For d-ary increasing trees, Kazemi and Behtoei [3] showd that

E(Sn) = c[n]

n−1∑
j=1

α(j)

c[j + 1]
,

where

c[n] =


Γ(n−1)

Γ

(
n+ 1

d−1

) , n ≥ 2

0, n = 1,

α(j) =
(d− 1)E(Ij) + d j

(d− 1)j + 1
, j ≥ 1

and

Var(Sn) = t[n]

n−1∑
j=3

β(j)

t[j + 1]
,

where

t[n] =
Γ
(
n− 2− 1

d−1

)
Γ
(
n+ 1

d−1

)
and

β(i) = 2
d− 1

i(d− 1) + 1
Cov(Ii, Si)−

( −dE(Si)

(d− 1)i+ 1
+ α(i)− 1

)2

+
1

(d− 1)i+ 1

d ∑
v∈V (Ti),d+(v)≥1

E(D2
v)−

∑
v∈V (Ti)

E(D2
v) + 2E(Ii)− (i− 1)

 .
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For more results on the Sackin index, see [4] and references therein. In the discourse we shall use
the following notations:

Q1[n, i] =
Γ
(
n− i

2

)
Γ
(
n− 1

2

) ,
Q2[n, i] =

n∑
j=1

αi(j)

Q1[j + 1, i]
, i = 2, 3

where αi(j) for i = 2, 3 are introduced in Theorems 2.2 and 2.6, respectively.

2 The Main Results

2.1 Mean

Lemma 2.1. For each rooted tree Tn of order n, we have

a)
∑

v∈V (Tn)

d+(v)D(v) = In − (n− 1),

b)
∑

v∈V (Tn)

D(v)2 −
∑

v∈V (Tn)

d+(v)D2(v) = 2In − (n− 1),

where D(v) is the depth of node v.

Proof. Assume that r = v1 is the root of Tn. Each vertex in V (Tn) \ {r} is a child of another vertex
and is counted in its outdegree. Hence⋃

v∈V (T )

⋃
u∈N+(v)

{u} =
⋃

v∈V (T )

N+(v) = V (T ) \ {r}, (1)

where N+(v) is the set of children of v and∑
v∈V (Tn)

d+(v) = n− 1.

Assume that d+(vi) = t and its children are vi1 , vi2 , ..., vit . Thus, for each j ∈ {1, 2, ..., t}, we have
D(vij ) = D(vi) + 1. This implies that

t∑
j=1

D(vij ) =
t∑

j=1

(D(vi) + 1) = t (D(vi) + 1) = d+(vi)D(vi) + d+(vi).
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Since the depth of root is zero, we have [7]∑
v∈V (Tn)

(d+(v)D(v) + d+(v)) =
∑

v∈V (Tn)

( ∑
u∈N+(v)

D(u)
)

=
∑

v∈V (Tn)

∑
u∈N+(v)

D(u)

=
∑

x∈V (Tn)\{r}

D(x)

=
∑

x∈V (Tn)

D(x)

= In.

This implies that ∑
v∈V (Tn)

d+(v)D(v) = In −
∑

v∈V (Tn)

d+(v) = In − (n− 1).

For each v ∈ V (Tn) and u ∈ N+(v) we have D(u) = D(v) + 1. Also, the depth of root is zero.
These facts using the relation (1) imply that∑

x∈V (Tn)

D(x)2 =
∑

x∈V (Tn)\{r}

D(x)2

=
∑

v∈V (Tn)

∑
u∈N+(v)

D(u)2

=
∑

v∈V (Tn)

∑
u∈N+(v)

(D(v) + 1)2

=
∑

v∈V (Tn)

[
d+(v) (D(v) + 1)2

]
=

∑
v∈V (Tn)

d+(v) (D(v)2 + 2D(v) + 1)

= (n− 1) + 2(In − (n− 1)) +
∑

v∈V (Tn)

d+(v)D(v)2

= 2In − (n− 1) +
∑

v∈V (Tn)

d+(v)D(v)2

and proof is completed [3]. �

Set

α2(i) =
2E(Ii) + i

2i− 1
, i ≥ 1.

Theorem 2.2. Suppose n ≥ 3. The mean of the Sackin index Sn of a random non-uniform recursive
tree of order n is given by

E(Sn) = Q1[n, 2]Q2[n− 1, 2].
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Proof. Let Fn be the sigma-field generated by the first n stages of non-uniform recursive trees [1, 2].
For each v ∈ V (Tn) define the indicator I(v) as below:

I(v) =

{
0, d+(v) = 0
D(v), d+(v) ≥ 1.

Assume that vn is attached to a randomly chosen vertex Un−1 in Tn−1. Hence

Sn = Sn−1 + I(Un−1) + 1.

From Lemma 2.1 (a),

E(Sn|Fn−1) = Sn−1 + E(I(Un−1)|Fn−1) + 1

= Sn−1 +
∑

v∈V (Tn−1)

pn−1(v)I(v) + 1

= Sn−1 +
∑

v∈V (Tn−1)

1 + d+(v)

2n− 3
I(v) + 1

= Sn−1 +
1

2n− 3

∑
v∈V (Tn−1)

(1 + d+(v))I(v) + 1

= Sn−1 +
1

2n− 3

 ∑
v∈V (Tn−1)

I(v) +
∑

v∈V (Tn−1)

d+(v)I(v)

+ 1

= Sn−1 +
1

2n− 3

[
(In−1 − Sn−1) + (In−1 − (n− 2)

]
+ 1

=
2n− 4

2n− 3
Sn−1 +

2

2n− 3
In−1 +

n− 1

2n− 3
.

Since 2n−4
2n−3 = Q1[n,2]

Q1[n−1,2] , we have

E(Sn) =
Q1[n, 2]

Q1[n− 1, 2]
E(Sn−1) + α2(n− 1). (2)

It is obvious that E(S1) = 0. The recurrence (2) gives

E(Sn) = Q1[n, 2]
n−1∑
i=1

α2(i)

Q1[i+ 1, 2]
,

and proof is completed. �

It can be shown that in terms of harmonic numbers [7]:

E(Sn) =

(
n− 1

2

)(
2

3
H2n −

1

3
Hn

)
− 2

3
n+

1

3
, n ≥ 3.
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2.2 Variance

By Naderi et al. [7],
E(Ii|Fi−1) = ∆i−1Ii−1 + Λi−1,

where

∆i =
2i+ 1

2i− 1
, Λi =

i

2i− 1
, i ≥ 1.

Lemma 2.3. We have

E
(
I
(
Ui

))
=

1

2i− 1

(
2E(Ii)− E(Si)− (i− 1)

)
and

E
(
I
(
Ui

)
D(Ui)

)
=

2
∑

v∈V (Ti)

E(D2
v)− 2E(Ii)− (i− 1)

2i− 1
.

Proof. From Lemma 2.1 (a),

E
(
I
(
Ui

))
=

1

2i− 1
E

 ∑
v∈V (Ti)

I(v)(1 + d+
v )


=

1

2i− 1
E

(Ii − Si) +
∑

v∈V (Ti)

d+
v Dv


=

1

2i− 1

(
2E(Ii)− E(Si)− (i− 1)

)
.

From Lemma 2.1 (b),

E
(
I
(
Ui

)
D(Ui)

)
=

1

2i− 1
E

 ∑
v∈V (Ti)

(1 + d+
v )I(v)Dv


=

2
∑

v∈V (Ti)

E(D2
v)− 2E(Ii)− (i− 1)

2i− 1
.

�

In passing, we want to determine the variance of Sn. First we prove the following theorem. Let
Cov(Sn, In) be the covariance between two random variables Sn and In.

Theorem 2.4. We have

Cov (Sn, In) =


n−1∑
j=1

(
dj

n−1∏
i=j+1

∆i

)
− E(Sn)E(In), n ≥ 4

0, n = 1, 2, 3

where
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di = ΛiE(Si) + E(Ii+1) +
Λi −∆i

1−∆i
E(I(Ui))−

∆i

1−∆i
E(I(Ui)D(Ui)).

Proof. For n = 1, 2, 3, Cov (Sn, In) = 0. Assume n ≥ 4. By definition,

Cov (Sn, In) = E(InSn)− anbn.

Since Sn = Sn−1 + I(Un−1) + 1, we have

E (SnIn) = E
((
Sn−1 + I(Un−1) + 1

)
In

)
= E

(
Sn−1In

)
+ E

(
I
(
Un−1

)
In
)

+ bn.

But

E
(
I
(
Un−1

)
In
)

= E
(
I
(
Un−1

)
E
(
In|Fn−1

))
= E

(
I
(
Un−1

) (
∆n−1In−1 + Λn−1

))
= ∆n−1E

(
I
(
Un−1

)(
In −D(Un−1)− 1

))
+ Λn−1E

(
I
(
Un−1

))
= ∆n−1E

(
I
(
Un−1

)
In
)
−∆n−1E

(
I
(
Un−1

)
D(Un−1)

)
−∆n−1E

(
I
(
Un−1

))
+ Λn−1E

(
I
(
Un−1

))
.

Hence,

E
(
I
(
Un−1

)
In
)

=
Λn−1 −∆n−1

1−∆n−1
E
(
I
(
Un−1

))
− ∆n−1

1−∆n−1
E
(
I
(
Un−1

)
D(Un−1)

)
,

where the two terms on the right of the above equality were previously calculated in Lemma 2.3.
For simplicity, set

ai = E(Si),

bi = E(Ii),

ci =
Λi −∆i

1−∆i
E(I(Ui))−

∆i

1−∆i
E(I(Ui)D(Ui)).

Now,

E (Sn−1In) = E
(
E (Sn−1In|Fn−1)

)
= E

(
Sn−1 E (In|Fn−1)

)
= ∆n−1E (Sn−1In−1) + Λn−1an−1.

Hence

E (SnIn) = ∆n−1E (Sn−1In−1) + Λn−1an−1 + cn−1 + bn
= ∆n−1E (Sn−1In−1) + dn−1.

Since S1I1 = 0, iterating this recurrence completes the proof. �
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Lemma 2.5. We have

Cov(Sn, Sn−1) =
Q1[n, 2]

Q1[n− 1, 2]
Var(Sn−1)

+
2

2n− 3

( n−1∑
j=1

(
dj

n−2∏
i=j+1

∆i

)
− E(Sn−1)E(In−1)

)
, n ≥ 4.

Proof. From (2),

E(Sn − E(Sn)|Fn−1) = E(Sn|Fn−1)− E(Sn)

=
Q1[n, 2]

Q1[n− 1, 2]
(Sn−1 − E(Sn−1)) +

2(In−1 − E(In−1))

2n− 3
.

Then

Cov(Sn, Sn−1) = E(E((Sn − E(Sn))(Sn−1 − E(Sn−1)))|Fn−1))

= E((Sn−1 − E(Sn−1))E(Sn − E(Sn)|Fn−1))

=
Q1[n, 2]

Q1[n− 1, 2]
Var(Sn−1) +

2

2n− 3
Cov(In−1, Sn−1).

�

We can extend the above lemma to Si and Sj for i > j, but it is not necessary for our goal. Set

α3(i) = 2β(i) +
2

2i− 1

( i∑
j=1

E(D2
i,j)− E(Ii)

)
+

i− 1

2i− 1
−
(2iE(Si)

2i− 1
+ α2(i)

)2
,

where

β(i) =
2

2i− 1
Cov(Ii, Si), i ≥ 1.

Theorem 2.6. Let n ≥ 3. The variance of the Sackin index Sn of a random non-uniform recursive
trees of order n is given by

Var(Sn) = Q1[n, 3]Q2[n− 1, 3].

Proof. From Lemma 2.1 (b),

E(Sn − Sn−1 − 1)2 = E(I2(Un−1))

= E(E(I2(Un−1)|Fn−1))

= E
( n−1∑

j=1

1 + d+(vj)

2n− 3
D2(vj)

)

=
2

2n− 3

( n−1∑
j=1

E(D2
n−1,j)− E(In−1)

)
+

n− 2

2n− 3
. (3)
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From Lemma 2.5,

E(Sn − Sn−1 − 1)2 = E(Sn − E(Sn)− Sn−1 + E(Sn−1) + E(Sn)− E(Sn−1)− 1)2

= E(Sn − E(Sn)− Sn−1 + E(Sn−1))2

+ E(E(Sn)− E(Sn−1)− 1)2

+ 2E(Sn − E(Sn)− Sn−1 + E((Sn−1))(E(Sn)− E(Sn−1)− 1))

= Var(Sn) +
(

1− 2
Q1[n, 2]

Q1[n− 1, 2]

)
Var(Sn−1)− 2β(n− 1)

+
(2n− 2

2n− 3
E(Sn−1) + α2(n− 1)

)2
. (4)

Now, from (3) and (4),

Var(Sn) =
(

2
Q1[n, 2]

Q1[n− 1, 2]
− 1
)
Var(Sn−1) + α3(n− 1)

=
Q1[n, 3]

Q1[n− 1, 3]
Var(Sn−1) + α3(n− 1).

By iteration, proof is completed since Var(S1) = 0. �

2.3 Two Inequalities

A discrete-time submartingale is a sequence X1, X2, ... of integrable random variables satisfying [1]:

E(Xn+1|X1, X2, ..., Xn) ≥ Xn.

Lemma 2.7. The sequence (Zn)n≥0 with

Zn = Sn + E(Sn),

is a submartingale.

Proof. Given the history of insertions D1, ..., Dn−1, the values of Z1, ..., Zn−1 are completely deter-
mined. From Theorem 2.2,

E(Zn|Z1, ..., Zn−1) = E(Zn|D1, ..., Dn−1)

≥ E(Sn−1 + 1|D1, ..., Dn−1) +Q1[n, 2]Q2[n− 1, 2]

≥ Sn−1 +Q1[n− 1, 2]Q2[n− 2, 2]

= Zn−1.

Also E(|Zn|) <∞ exists for each n and proof is completed. �

Theorem 2.8. Let T be a finite stopping time for {Zn}n≥1. Then

E(|ZT |) ≤ 2 sup
n

E(Zn)

and for λ ≥ 0,

P
(

sup
n
Zn > λ

)
≤ supn E(Zn)

λ
.

Proof. By Lemma 2.7 and Doob’s submartingale inequality, proof is completed [1]. �
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