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Abstract

Abstract: Soliton solutions for the generalized nonlinear Schrödinger equation with four-wave
mixing, which effectively characterize soliton propagation in birefringent fiber, have been intro-
duced in this study by using three noteworthy and advanced methodologies. The speed and
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direction of soliton propagation, along with the mitigation of interactions between solitons, are
influenced by the four-wave mixing and other parameters embedded in the proposed model.
These parameters play a crucial role in governing the dynamics of the resultant solitons. Three

prominent methodologies considered for this application include the method
(

1
χ(ζ) ,

χ′(ζ)
χ(ζ)

)
, the

modified extended tanh method (METM), and the new Kudryashov’s method. All three tech-
niques have been sequentially applied to the proposed model with successful implementation.
As a result, dark, bright, periodic singular, singular and combined dark-singular solutions are
obtained. Furthermore, an analysis of the dynamics of these solutions is conducted through
graphical representations. The significance of our findings lies in their potential to enhance our
understanding and prediction of wave phenomena emerging in nonlinear wave fields.
Keywords: Nonlinear Schrödinger equation (NLSE), Four-wave mixing, Birefringent fiber, Op-
tical Solitons.

1 Introduction

With the remarkable advancements in information technology and the escalating market demand,
particularly exacerbated by the global impact of COVID-19 in recent years, contemporary society
is increasingly reliant on communication. This surge in dependence has propelled the evolution of
optical fiber communication towards achieving higher speeds and larger capacities. Optical fiber
communication has now established itself as the primary transmission mode for communication
networks, owing to its impressive attributes such as high transmission capacity, minimal signal loss,
and a broad frequency band. Optical solitons, in this context, emerge as the optimal information
carriers within fiber optic communications. Physically, optical solitons possess the unique ability to
maintain the waveform and speed of optical fiber transmission unchanged, representing a distinctive
outcome of non-linear optical effects. Consequently, optical solitons are hailed as one of the most
promising transmission modes for the next generation of communication systems [1, 2, 3, 4]. From
a mathematical perspective, optical solitons manifest as integrable solutions to certain non-linear
partial differential equations. Investigating the exact solutions of these mathematical models stands
at the forefront of this field, signifying a highly significant frontier [5, 6, 7, 8, 9, 10].
In the realm of optical fiber communication, equations of the NLSE have garnered considerable
attention among researchers [11, 12, 13]. Originating in the 1850s and 1860s, the NLSE found its
initial application in examining the two-dimensional self-focusing phenomenon observed in strong
beams within weakly interacting non-ideal Bose gases and nonlinear media. Functioning as a com-
prehensive equation elucidating the propagation of wave packets in weakly nonlinear mediums, the
NLSE holds paramount importance in the exploration of nonlinear physics. The investigation of
solitons in birefringent fibers involves the examination of different non-linearity laws [14]. These
criteria, dictating the conditions for the presence of solitons, are also acknowledged as constraining
factors in the study.
To provide a precise depiction of specific nonlinear phenomena, we extend the NLSE to the coupled
NLSEs, stand as fundamental models for elucidating nonlinear phenomena and find widespread
application in various scientific domains, including plasma physics, nonlinear optics, condensed
matter physics, and biological physics among others. Within the realm of nonlinear optics, coupled
NLSE are frequently employed to elucidate the propagation dynamics of optical solitons in diverse
mediums such as multimode fibers, birefringence fibers, and optical fiber arrays [15, 16]. The non-
linear effects can be categorized into four-wave mixing (FWM), self-phase modulation (SPM) and
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cross-phase modulation (CPM). Notably, FWM emerges as the most impactful on optical systems.
Considering these dynamics, we propose a generalized coupled NLSE incorporating the influential
FWM effect to elucidate the behavior of optical solitons within a birefringent fiber [17] and read as

ιQt +Qxx +Qyy + 2(a|Q|2 + c|R|2 + bQR∗ + b∗Q∗R)Q = 0, (1)

ιRt +Rxx +Ryy + 2(a|Q|2 + c|R|2 + bQR∗ + b∗Q∗R)R = 0. (2)

Here, the variables Q(x, y, t) and R(x, y, t), represent the envelopes characterizing the two circularly
polarized waves. a and c are real constants reflecting SPM and CPM, b is a complex constant
representing the FWM effect, and the symbol ”*” denotes a complex conjugate.
Analytical techniques aim to unveil precise mathematical solutions for partial differential equations
(PDEs). However, the inherent complexity of NLPDEs often necessitates the pursuit of simpler
analytical solutions. Traveling wave methods involve the application of specific strategies to discern
exact solutions for particular PDEs, emphasizing solutions that exhibit characteristic traveling wave
properties. Notable approaches in this realm such as Kudryashov’s method [18, 19], the extended
hyperbolic function method [20, 21, 22, 23, 24], mapping method [25, 26, 27, 28], Sardar sub-
equation method [29, 30], Jacobi’s elliptic function [31, 32], Bernoulli sub- ODE method [33, 34],
new extended direct algebraic method [35, 36], and, ϕ6-expansion method [37]. In this study three

different approaches namely
(

1
χ(ζ) ,

χ′(ζ)
χ(ζ)

)
[38], the METM [39] and the new Kudryashov’s method

[40] are applied to extract the solutions of governed equation.
The remaining layout of paper is as follow: The mathematical analysis of paper is given 2. Section
3, 4, 5 give the methodology of three approaches along solutions. Section 6 explains the results and
discussion of findings and last section is dedicated to the conclusion of the paper.

2 Mathematical Analysis

Suppose the transformations

Q(x, y, t) = q(ζ)eιϕ, R(x, y, t) = r(ζ)eιϕ, (3)

where ζ = x + y − vt, ϕ = −k1x − k2y + wt + ϑ. By inserting (3) into (1) and (2), we get the
following real parts

−wq + 2q′′ − (k21 + k22)q + 2(aq3 + cqr2 + bq2r + b∗q2r) = 0, (4)

−wr + 2r′′ − (k21 + k22)r + 2(aq2r + cr3 + bqr2 + b∗qr2) = 0, (5)

and the imaginary parts are

−vq′ − 2(k1 + k2)q
′ = 0,⇒ v = −2(k1 + k2), (6)

−vr′ − 2(k1 + k2)r
′ = 0,⇒ v = −2(k1 + k2). (7)

Now, suppose r = µq, the real parts yield the same equation

2q′′ − (k21 + k22 + w)q + 2(a+ cµ2 + bµ+ b∗µ)q3 = 0. (8)
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3 Description of
(

1
χ(ζ) ,

χ′(ζ)
χ(ζ)

)
method

Assume the solution of (8) is

q(ζ) = c0 +
m∑
i=1

ci + diχ
′(ζ)i

χ(ζ)i
, (9)

where c0, ci and di (i = 1, 2...m) are constants. The value of m can be determined using the
homogeneous balancing rule, and χ(ζ) satisfies the following ODE:

χ′(ζ)2 = χ(ζ)2 − ϱ, (10)

where

χ(ζ) = geζ +
ϱ

4geζ
. (11)

By substituting (9) and (10) into (8), we obtain a system of equations, which, when solved, yields
the values of the constants.

4 Application of
(

1
χ(ζ) ,

χ′(ζ)
χ(ζ)

)
method

The homogeneous balance rule gives m = 1.

q(ζ) = c0 +
c1 + d1χ

′(ζ)

χ(ζ)
. (12)

Now, by inserting (12) along (10) and (11) into (8) , the system of equations is attained which yields
the values of constants.

Set 1

{
c0 = 0, c1 = 0, w =

(
−k21 − k22 − 4

)
, b =

−ad21 − cµ2d21 − b∗µd21 − 2

µd21

}
.

By using these values of constants along (11) in (12) and with the help of r = µq we, can get the
solution of (1) and (2).

Q1,∗(x, y, t) =

(
d1
(
4g2e2ζ − ϱ

)
4g2e2ζ + ϱ

)
eιϕ,

P1,∗(x, y, t) = µ

(
d1
(
4g2e2ζ − ϱ

)
4g2e2ζ + ϱ

)
eιϕ.

If we put ϱ = ±4g2, we have the following solutions

Q1,1(x, y, t) = (d1tanh(ζ)) e
ιϕ,

P1,1(x, y, t) = µ (d1tanh(ζ)) e
ιϕ.
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Figure 1: Graphics of Q1,1 and P1,1 with the following parameters k1 = 1, k2 = 1.5, d1 = 0.3, v =
2.5, and µ = 0.8.

Q1,2(x, y, t) = (d1coth(ζ)) e
ιϕ,

P1,2(x, y, t) = µ (d1coth(ζ)) e
ιϕ.

Set 2

{
c0 = 0, d1 = 0, w =

(
−k21 − k22 − 2

)
, b =

−ac21 − cµ2c21 − b∗µc21 − 2

µc21

}
.

The solutions obtained from above set are

Q1,∗∗(x, y, t) =

(
4gc1e

ζ

4g2e2ζ + ϱ

)
eιϕ,

P1,∗∗(x, y, t) = µ

(
4gc1e

ζ

4g2e2ζ + ϱ

)
eιϕ.
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If we put ϱ = ±4g2, we have the following solutions

Q1,2(x, y, t) =

(
c1sech(ζ)

2g

)
eιϕ,

P1,2(x, y, t) = µ

(
c1sech(ζ)

2g

)
eιϕ.
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Figure 2: Graphics of Q1,3 and P1,3 with the following parameters g = 0.1. k1 = 1, k2 = 1.5, c1 =
0.3, v = 2.5, and µ = 0.8

Q1,3(x, y, t) =

(
c1csch(ζ)

2g

)
eιϕ,

P1,3(x, y, t) = µ

(
c1csch(ζ)

2g

)
eιϕ.
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5 METM

Let us assume the solution of (8) in the form of

q(ς) = ν0 +
N∑
j=1

νjZ
j(ζ) +

N∑
j=1

Vj

Zj(ζ)
. (13)

The function Zj(ς) satisfies the following equation

Z ′(ζ) = Z2(ζ) + h. (14)

The solution of (14) can be written as:
(Family 1): If h < 0, then

Z1(ζ) = −
√
−htanh(−

√
−hζ),

Z2(ζ) = −
√
−hcoth(−

√
−hζ).

(Family 2): If h > 0, then

Z3(ζ) =
√
htan(

√
hζ),

Z4(ζ) = −
√
hcot(

√
hζ).

(Family 3): If h = 0, then

Z5(ς) = −1

ς
.

By applying (13) and (14) to (8), we derive a system of equations, and solving this system provides
the values of the constants.

5.1 Application of METM

Now, from (13), suppose the following solutions

q(ζ) = ν0 + ν1Z(ζ) +
V1

Z(ζ)
. (15)

By substituting (15) and (14) into (8), we derived the following constants.

Set 1

{
ν0 = 0, ν1 = ν1, a =

−bν21µ+ ν21(−c)µ2 − ν21b
∗µ− 2

ν21
, V1 = 0

}
.

(Case 1): If h < 0, then

Q2,1(x, y, t) =
(
ν1

(
−
√
−htanh(−

√
−hζ

))
eιϕ,

P2,1(x, y, t) = µ
(
ν1

(
−
√
−htanh(−

√
−hζ

))
eιϕ.
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Q2,2(x, y, t) =
(
ν1

(
−
√
−hcoth(−

√
−hζ

))
eιϕ,

P2,2(x, y, t) = µ
(
ν1

(
−
√
−hcoth(−

√
−hζ

))
eιϕ.
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Figure 3: Graphics of Q2,2 and P2,2 with the following parameters h = −0.1, ν1 = 0.1, k1 = 1, k2 =
1.5, v = 2.5, and µ = 0.8.

(Case 2): If h > 0, then

Q2,3(x, y, t) =
(
ν1

(√
htan(

√
hζ
))

eιϕ,

P2,3(x, y, t) = µ
(
ν1

(√
htan(

√
hζ
))

eιϕ.

Q2,3(x, y, t) =
(
ν1

(√
hcot(

√
hζ
))

eιϕ,

P2,3(x, y, t) = µ
(
ν1

(√
hcot(

√
hζ
))

eιϕ.
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Figure 4: Graphics of Q2,5 and P2,5 with the following parameters h = 0.1, k1 = 1, k2 = 1.5, ν1 =
0.3, v = 2.5, and µ = 0.9.

(Case 3): If h = 0, then

Q2,5(x, y, t) =

(
−ν1

ζ

)
eιϕ,

P2,3(x, y, t) = µ

(
−ν1

ζ

)
eιϕ.

Set 2

{
ν0 = 0, , V1 = µ1h, w = 16h− k21 − k22, a =

−bν21µ+ ν21(−c)µ2 − ν21b
∗µ− 2

ν21

}
.

(Case 1): If h < 0, then

Q2,6(x, y, t) =

(
ν1h coth

(
ζ
√
−h
)
− V1 tanh

(
ζ
√
−h
)

√
−h

)
eιϕ,

P2,6(x, t) = µ

(
ν1h coth

(
ζ
√
−h
)
− V1 tanh

(
ζ
√
−h
)

√
−h

)
eιϕ.
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Q2,7(x, y, t) =

(
ν1h tanh

(
ζ
√
−h
)
− V1 coth

(
ζ
√
−h
)

√
−h

)
eιϕ,

P2,7(x, y, t) = µ

(
ν1h tanh

(
ζ
√
−h
)
− V1 coth

(
ζ
√
−h
)

√
−h

)
eιϕ
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Figure 5: Graphics of Q2,7 and P2,7 with the following parameters h = −0.1, ν1 = 0.1, k1 = 1, k2 =
1.5, V1 = 0.3, v = 2.5

(Case 2): If h > 0, then

Q2,8(x, y, t) =

ν1h tan
(
ζ
√
h
)
+ V1 cot

(
ζ
√
h
)

√
h

 eιϕ,

P2,8(x, y, t) = µ

ν1h tan
(
ζ
√
h
)
+ V1 cot

(
ζ
√
h
)

√
h

 eιϕ.
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Q2,8(x, y, t) =

ν1h cot
(
ζ
√
h
)
+ V1 tan

(
ζ
√
h
)

√
h

 eιϕ,

P2,8(x, y, t) = µ

ν1h cot
(
ζ
√
h
)
+ V1 tan

(
ζ
√
h
)

√
h

 eιϕ.

6 New Kudryashov’s method

Assume, the solution of (8) is

q(ζ) =
M∑
k=1

hkY
k(ζ), (16)

where hk (k = 1, 2...M) are constants. The value of M can be derived using the homogeneous
balancing method, and Y (ζ) denotes the following ODE:

Y ′(ζ)2 = δ2Y (ζ)2(1− χY (ζ)2), (17)

where

Y (ζ) =
4R

4eδζR2 + e−δζχ
. (18)

By substituting (16) and (17) into (8), we obtain a system of equations. Solving this system
yields the values of the constants.

6.1 Application of new Kudryashov’s method:

As homogeneous balancing rule gives M = 1, so we have the following solution

q(ζ) = h0 + h1Y (ζ). (19)

The subsitution of (19) along (17) into (8), yields following set of solutions

h0 = 0, b∗ =
−ah21 − bh21µ+ h21(−c)µ2 + 2δ2χ

h21µ
, k2 =

√
2δ2 − k21 − w.

By substituting these constant values into (19), we derive the following solutions

Q3,∗(x, y, t) =

(
4h1Reδζ

4R2e2δζ + χ

)
eιϕ,

P3,∗(x, y, t) = µ

(
4h1Reδζ

4R2e2δζ + χ

)
eιϕ.

If χ = ±4R2, then

Q3,1(x, y, t) =

(
h1sech(ζδ)

2R

)
eιϕ,

P3,1(x, y, t) = µ

(
h1sech(ζδ)

2R

)
eιϕ.
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Figure 6: Graphics of Q3,1 and P3,1 with the following parameters µ = 0.1, h1 = 0.1, k1 = 1, w =
1.5, δ = 0.3, v = 2.5, and R=0.5

Q4,1(x, y, t) =

(
h1csch(ζδ)

2R

)
eιϕ,

P4,1(x, y, t) = µ

(
h1csch(ζδ)

2R

)
eιϕ.

7 Results and Discussion:

In the current work, we utilize three different techniques to extract solutions for the governed
equation. The utilization of these techniques allowed us to explore and understand the intricate
dynamics of soliton propagation in birefringent fibers. Different types of solitons are obtained from
these methods such as bright, dark, singular, periodic singular and combined dark-bright singular
as given in Table 1.
By plotting both 3D and 2D graphs, a comparative analysis of the soliton profiles at different
values of y, highlighting the shifting which show the stability and preservation of soliton ampli-
tude and phase during propagation. This observation is significant for understanding the practical
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Method Types of Solutions(
1

χ(ζ) ,
χ′(ζ)
χ(ζ)

)
method Dark, Singular, Bright Solitons.

METM Singular, Periodic, Dark, Com-
bined dark-singular Solitons.

New Kudryashov’s method Bright, Singular Solitons.

Table 1: Types of Soliton Solutions

implications of the proposed model in optical fiber communication systems. An additional graph
presented a comparative analysis of both soliton profiles which explains how the soliton’s charac-
teristics evolve with changes in amplitude. The findings hold significant implications in optical
fiber communication as they predict and control soliton propagation in birefringent fibers for the
development large-capacity communication systems.
Figure 1 provides a graphical representation of the dark soliton solutions for the solutionQ1,1(x, y, t).
In Fig 1a and Fig 1b, the 3D and 2D plots at different values of y demonstrate that the soliton prop-
agates forward or backward while preserving its amplitude and phase. Figures 1c and 1d present
the 3D and 2D comparisons of both profiles, highlighting the soliton’s forward or backward trans-
mission with varying amplitude. Moving on to Figure 2, it showcases the graphical illustrations of
Q1,3(x, y, t), representing the bright soliton solution. Figs 2a and 2b exhibit the 3D and 2D plots
at different y values, illustrating the soliton’s forward or backward transmission while maintaining
amplitude and phase. Figures 2c and 2d present the 3D and 2D comparisons of both profiles, em-
phasizing the soliton’s transmission characteristics with changes in amplitude. Figure 3 focuses on
Q2,2(x, y, t), presenting graphical illustrations of the singular soliton solution. Figs 3a and 3b display
the 3D and 2D plots at varying y values, showcasing the soliton’s forward or backward transmission
while preserving amplitude and phase. Figures 3c and 3d provide 3D and 2D comparisons of both
profiles, underlining the soliton’s transmission characteristics with amplitude variations. In Figure
4, graphical illustrations of Q2,5(x, y, t) are presented, representing the periodic soliton solution.
Figs 4a and 4b show 3D and 2D plots at different y values, illustrating the soliton’s forward or
backward transmission while maintaining amplitude and phase. Figures 4c and 4d offer 3D and
2D comparisons of both profiles, elucidating the soliton’s transmission characteristics with ampli-
tude changes. Figure 5 displays graphical illustrations of Q2,7(x, y, t) representing the dark-singular
soliton solution. Figs 5a and 5b showcase the 3D and 2D plots at different y values, revealing
the soliton’s forward or backward transmission while preserving amplitude and phase. Figures 5c
and 5d provide 3D and 2D comparisons of both profiles, emphasizing the soliton’s transmission
characteristics with varying amplitudes. Figure 6 illustrates graphical illustrations of Q3,1(x, y, t)
representing the bright soliton solution. Figs 6a and 6b showcase the 3D and 2D plots at different
y values, revealing the soliton’s forward or backward transmission while preserving amplitude and
phase. Figures 6c and 6d provide 3D and 2D comparisons of both profiles, emphasizing the soliton’s
transmission characteristics with varying amplitudes.

8 Conclusion

This study delves into the soliton solutions of the generalized NLSE incorporating four-wave mixing,
a framework that significantly characterizes soliton propagation within birefringent fiber. Employing
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three different methodologies, namely the
(

1
χ(ζ) ,

χ′(ζ)
χ(ζ)

)
, the METM, and new Kudryashov’s method.

Our investigation successfully explores the intricate dynamics of soliton behavior. The application
of the three prominent methodologies leads to the derivation of diverse soliton solutions, including
dark, bright, periodic singular, singular, and combined dark-singular solutions. The analysis of
these solutions through graphical representations enhances our comprehension of their dynamics.
A comparative analysis of the soliton profiles at different values of y, highlighting the shifting
characteristics show the stability of soliton amplitude and phase during propagation, while the
comparative analysis of both soliton profiles explains how the soliton’s characteristics evolve with
changes in amplitude. Generates dummy text. Replace with your own.
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