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Abstract

Abstract: In this paper, we introduce a meshless method based on the Partition of Unity
(PU) interpolation technique to solve two-dimensional coupled Klein-Gordon-Schrödinger (KGS)
equations on scattered data within arbitrary domains. The approach begins with a time-discrete
scheme derived from a finite difference approximation of the time derivative, followed by the
application of the PU method to discretize the spatial derivatives. The PU technique combines
local approximations using radial basis functions with compactly supported weight functions
to ensure efficient and accurate interpolation over irregular node distributions. To handle the
nonlinearity inherent in the KGS system, a predictor-corrector scheme is employed. Numeri-
cal experiments demonstrate the effectiveness of the PU-based method, with results compared
against analytical solutions and stability analyses confirming its accuracy and computational
efficiency for complex geometries.
Keywords: Partition of Unity (PU) method; Meshless interpolation; Klein-Gordon-Schrödinger
(KGS) equations; Scattered data; Arbitrary domains.

1 Introduction

The coupled Klein-Gordon-Schrödinger (KGS) equations are formulated as follows [1]:

i
∂u(x, t)

∂t
+ β∆u(x, t) + u(x, t)v(x, t) + iαu(x, t) = f(x, t),

ε2
∂2v(x, t)

∂t2
+ γε

∂v(x, t)

∂t
−∆v(x, t) + v(x, t)− |u(x, t)|2 = g(x, t),

x ∈ Rd, t ∈ [0, T ],

(1)
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subject to the initial conditions

u(x, 0) = u0(x), v(x, 0) = v0(x),
∂v(x, t)

∂t
|t=0 = v1(x), x ∈ Ω, (2)

and Dirichlet boundary conditions

u(x, t) = h1(x, t), v(x, t) = h2(x, t), x ∈ ∂Ω, t > 0, (3)

where u(x, t) denotes a complex scalar nucleon field, v(x, t) a real scalar meson field, and i =
√
−1.

This system models conserved scalar nucleons interacting with neutral scalar mesons via a Yukawa-
type coupling [2], with broad applications in various physical contexts [3, 4, 5, 6, 7].

In Eq. (1), the parameter ε ≥ 0 is inversely related to the speed of light, while γ ≥ 0 and α ≥ 0
are nonnegative constants. Here, ∆ represents the Laplacian operator. The terms f(x, t) and g(x, t)
act as source functions, with f complex-valued and g real-valued.

Special cases include the following: - For ε = 1, γ = 0, α = 0, and vanishing source terms
f(x, t) = g(x, t) = 0, Eq. (1) simplifies to the classical KGS system [3]. When α > 0, a linear
damping contribution is introduced into the nonlinear Schrödinger equation, i.e., the first equation
of (1). For γ > 0, a damping mechanism is incorporated into the Klein-Gordon part of the system,
i.e., the second equation of (1). In the limiting case ε→ 0, the equations reduce to the Schrödinger-
Yukawa (S-Y) model [1].

For the particular scenario with β = 1 and homogeneous forcing terms f(x, t) = g(x, t) = 0,
further details can be found in [1, 8].

The coupled Klein-Gordon-Schrödinger (KGS) equations have been the subject of extensive ana-
lytical and numerical investigations due to their significant role in modeling the interaction between
conserved scalar nucleons and neutral scalar mesons via Yukawa coupling [3, 4]. While foundational
studies have established well-posedness, stability, and asymptotic behavior of solutions [3, 9, 10, 11],
the development of efficient and accurate numerical methods remains crucial for simulating their
complex physical behavior in realistic scenarios.

Early numerical approaches focused on finite difference and spectral methods. Seminal work
by Bao and Yang [1] introduced efficient, unconditionally stable, and accurate schemes that set a
benchmark for subsequent research. Conservative finite difference schemes were further analyzed
by Zhang [12], ensuring structure-preserving discretizations. The multi-symplectic structure of the
KGS equations was first leveraged by Kong et al. [8], who proposed a multi-symplectic mid-point
scheme, while Hong et al. [13] developed explicit multi-symplectic integrators by combining sym-
plectic Runge-Kutta and Runge-Kutta-Nyström-type methods. Dehghan and Taleei [14] studied an
extension of the pseudospectral method based on the overlapping domain decomposition algorithm
for the KGS equations. In [15], three meshless numerical techniques, namely Kansa’s approach, the
RBF pseudo-spectral method, and the generalized moving least squares method, were applied to
solve the coupled Klein–Gordon–Schrödinger equations in one, two, and three dimensions. The au-
thors discretized the time derivative via an implicit Crank–Nicolson scheme and approximated the
spatial derivatives using the aforementioned meshless approaches, demonstrating the applicability
and effectiveness of these methods through several numerical simulations.

As a new list of works, we mention to the following papers. In [16], a linearized and energy-
conserving scheme was developed for the nonlocal Klein–Gordon–Schrödinger system with fractional
Laplacian in unbounded domains, combining a Hermite–Galerkin spectral method for space with an
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ESAV-based Crank–Nicolson scheme and adaptive time-stepping. The authors of proposed [17] a
semi-linearized time-stepping scheme combining finite differences in time with Fourier pseudospec-
tral discretization in space for the Klein–Gordon–Schrödinger equation, and shown to conserve
mass and energy while achieving second-order temporal and spectral spatial accuracy. In [18], the
blowup behavior of solutions to the Klein–Gordon–Schrödinger system with power nonlinearity in
higher dimensions was studied, where perturbed virial identities and Lyapunov functionals were
used to establish finite-time blowup results. The authors of [19] established optimal error estimates
for two finite difference schemes applied to the multi-dimensional Klein–Gordon–Schrödinger equa-
tions, where the methods preserve mass and energy while achieving second-order accuracy in both
time and space. In [20], three energy-preserving numerical schemes based on different SAV and La-
grange multiplier approaches were developed for the Klein–Gordon–Schrödinger equations, and their
accuracy and efficiency were compared through numerical experiments. In [21], a linearized and
unconditionally stable energy-preserving scheme was proposed for the Klein–Gordon–Schrödinger
equations by reformulating the system with auxiliary variables and applying the invariant energy
quadratization approach.

Our previous work [22] introduced a meshless approach based on radial basis functions (RBFs)
for the KGS system. Building upon this foundation, the present study proposes an efficient partition
of unity method (PUM) framework. The PUM synergistically combines the strengths of local RBF
approximations-employed here with polyharmonic splines (PHS) augmented with polynomials for
guaranteed solvability-and compactly supported weight functions. This combination effectively
handles highly irregular node distributions and complex geometries while maintaining high-order
accuracy. A robust predictor-corrector scheme is integrated to efficiently manage the system’s
nonlinearities.

This approach distinguishes itself from existing methods by its ability to operate on truly arbi-
trary, complex domains with scattered nodes, a feature not always efficiently handled by standard
spectral or finite element methods. The numerical experiments presented herein demonstrate that
our PUM-based scheme achieves spectral-like accuracy, competes with the efficiency of modern
meshless techniques like RBF-FD, and maintains excellent long-term stability.

The remainder of this paper is structured as follows. Section 2 is devoted to the numerical
methodology. We begin by introducing the temporal discretization scheme based on finite differences
in Section 3. Subsequently, we provide a detailed exposition of the spatial discretization using the
partition of unity meshless framework with radial basis functions. This section also includes the
description of the iterative predictor-corrector algorithm implemented to handle the nonlinear terms
of the KGS system efficiently. The numerical experiments and a comprehensive discussion of the
results are presented in Section 4. The proposed method is validated on several test problems
encompassing both regular and irregular computational domains. Finally, concluding remarks is
summarized in Section 5.

2 A brief review of the proposed method

2.1 Radial Basis Function Collocation Schemes

Let N distinct points x1, . . . , xN ∈ Rd be given, together with the corresponding scalar data values
u(x1), u(x2), . . . , u(xN ). The objective of the Radial Basis Function (RBF) interpolation problem
is to construct an interpolant of the form:
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s(x) =
N∑
j=1

ajϕ(∥x− xj∥) +
Q∑

k=1

bkpk(x), (4)

where ϕ denotes a radial basis function, {pk(x)}Qk=1 is a basis for the d-variate polynomial
space of total degree up to m − 1 (where m is the order of conditional positive definiteness of ϕ),
∥ · ∥ is the Euclidean norm, aj ∈ R and bk ∈ R are the unknown coefficients. These coefficients
are determined by enforcing the interpolation conditions s(xi) = u(xi) alongside the additional
constraints

∑N
j=1 ajpk(xj) = 0 for k = 1, . . . , Q, to ensure uniqueness. This requirement yields the

block linear system: [
A P
P T 0

] [
a
b

]
=

[
u
0

]
, (5)

with entriesAij = ϕ(∥xi−xj∥) and Pik = pk(xi), while u = [u(x1), . . . , u(xN )]T, a = [a1, . . . , aN ]T,
and b = [b1, . . . , bQ]

T. For conditionally positive definite basis functions ϕ of order m, the system
matrix is nonsingular provided that the data points are Πd

m−1-unisolvent, ensuring the existence of
a unique solution.

Alternatively, the interpolant can be represented by introducing cardinal basis functions ψj(x)
which incorporate the polynomial augmentation and satisfy the Kronecker delta property:

ψj(xi) =

{
1, if i = j,

0, if i ̸= j.
(6)

This leads to an equivalent expression for the interpolant:

s(x) =
N∑
j=1

ψj(x)u(xj). (7)

For a linear differential operator L, we have:

Ls(x) =
N∑
j=1

Lψj(x)u(xj). (8)

The differentiation process is then encoded in the matrix ΨL, allowing us to compute:

sL = ΨLu. (9)

When dealing with time-dependent partial differential equations, the solution u(x, t) is approx-
imated in the form:

s(x, t) =

N∑
j=1

ψj(x)uj(t), (10)

where uj(t) ≈ u(xj , t) are the unknown time-dependent coefficients to be determined.
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2.2 Radial Basis Function-based PUM

In the RBF-PUM framework, the global approximation s(x) is formulated through a partition of
unity representation:

s(x) =
M∑
j=1

wj(x)sj(x), (11)

where each sj(x) denotes a local RBF interpolant defined over the subdomain (or patch) Ωj , and
the functions wj(x) are partition weights constructed using the Shepard approach [23]:

wj(x) =
φj(x)∑

k∈I(x) φk(x)
. (12)

Here, the compactly supported functions φj(x) are typically chosen as Wendland functions. By
construction, the weight functions satisfy the partition of unity condition:∑

j∈I(x)

wj(x) = 1. (13)

Therefore, the global interpolant can equivalently be expressed as:

s(x) =
∑

j∈I(x)

wj(x)sj(x). (14)

For time-dependent problems, the approximate solution u(x, t) is represented by:

s(x, t) =
∑

j∈I(x)

wj(x)sj(x, t), (15)

where each local term sj(x, t) is further approximated as:

sj(x, t) =
∑

k∈J(Ωj)

ψk(x)uk(t). (16)

Combining these expressions, the global time-dependent approximation becomes:

s(x, t) =
∑

j∈I(x)

∑
k∈J(Ωj)

wj(x)ψk(x)uk(t). (17)

For spatial derivatives, applying the Leibniz rule yields:

∂|σ|

∂xσ
s(x, t) =

∑
j∈I(x)

∑
k∈J(Ωj)

∂|σ|

∂xσ
(wj(x)ψk(x))uk(t). (18)

The density of nodes and patches is quantified through the local and global fill distances, denoted
by h and H, respectively:

h = max{hj}, H = sup
x∈Ω

min
1≤j≤M

∥x−Xj∥.

For uniform discretizations, h is proportional to the nodal spacing, whileH reflects the characteristic
size of the patches.
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3 Time discretize scheme

Let us denote

tk = kδt, k = 0, 1, ...,M,

where δt = T/M represents the time step size. In this part, the temporal variable is discretized
using a combination of forward and central finite difference formulas for the first- and second-order
time derivatives, respectively, together with an appropriate Crank–Nicolson treatment. Considering
Eq. (1) at the grid point (x, tk+1), we obtain



i
uk+1(x)− uk(x)

δt
+
β

2

(
∆uk+1(x) + ∆uk(x)

)
+ uk(x)vk(x) +

iα

2

(
uk+1(x) + uk(x)

)
=

1

2

(
fk+1(x) + fk(x)

)
,

ε2
vk+1(x)− 2vk(x) + vk−1(x)

δt2
+ γε

vk+1(x)− vk−1(x)

2δt
− 1

3

(
∆vk+1(x) + ∆vk(x) + ∆vk−1(x)

)
+
1

3

(
vk+1(x) + vk(x) + vk−1(x)

)
− |uk(x)|2 = 1

3

(
gk+1(x) + gk(x) + gk−1(x)

)
,

(19)
where i =

√
−1, and uk+1(x), vk+1(x) denote the approximations of the unknown fields at (x, tk+1).

Equation (19) can be equivalently rewritten in the form



(
2i

δt
+ iα)uk+1(x) + β∆uk+1(x) = (

2i

δt
− iα)uk(x)− β∆uk(x)− 2uk(x)vk(x) + F (x; k),

(3ε2
δt2

+
3γε

2δt
+ 1

)
vk+1(x)−∆vk+1(x) =

(6ε2
δt2

− 1
)
vk(x) + ∆vk(x) +

(3γε
2δt

− 3ε2

δt2
− 1

)
vk−1(x)

+∆vk−1(x) + 3|uk(x)|2 +G(x; k),
(20)

with F (x; k) = fk+1(x) + fk(x) and G(x; k) = gk+1(x) + gk(x) + gk−1(x).

Now, let us assume N nodes are arbitrarily distributed across the boundary and inside the com-
putational domain. Provided that the discrete values {u(xi, kδt), v(xi, kδt)}Ni=1 are known, the task
is to compute the next time level values {u(xi, (k + 1)δt), v(xi, (k + 1)δt)}Ni=1. Consequently, there
are 2N unknowns, and to determine them, one requires 2N independent equations. As explained,
one equation corresponds to each node. Substituting the interior nodes xi, i = 1, 2, ..., NΩ, of Ω into
Eq. (20), we focus on the two-dimensional case of the KGS equations.
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3.1 Spatial discretization by PUM

Substituting the PUM approximation (17) into Eq. (20), for the two–dimensional case we obtain

(
2i

δt
+ iα

)∑N
j=1Φj(xi, yi)u

k+1
j + β

(∑N
j=1

∂2Φj(xi, yi)

∂x2
uk+1
j +

∑N
j=1

∂2Φj(xi, yi)

∂y2
uk+1
j

)

=

(
2i

δt
− iα

)∑N
j=1Φj(xi, yi)u

k
j − β

(∑N
j=1

∂2Φj(xi, yi)

∂x2
ukj +

∑N
j=1

∂2Φj(xi, yi)

∂y2
ukj

)
−2Ψk(xi, yi) + F (xi, yi; k),(
3ε2

δt2
+

3γε

2δt
+ 1

)∑N
j=1Φj(xi, yi)v

k+1
j −

(∑N
j=1

∂2Φj(xi, yi)

∂x2
vk+1
j +

∑N
j=1

∂2Φj(xi, yi)

∂y2
vk+1
j

)

=

(
6ε2

δt2
− 1

)∑N
j=1Φj(xi, yi)v

k
j +

∑N
j=1

∂2Φj(xi, yi)

∂x2
vkj +

∑N
j=1

∂2Φj(xi, yi)

∂y2
vkj

+

(
3γε

2δt
− 3ε2

δt2
− 1

)∑N
j=1Φj(xi, yi)v

k−1
j +

∑N
j=1

∂2Φj(xi, yi)

∂x2
vk−1
j +

∑N
j=1

∂2Φj(xi, yi)

∂y2
vk−1
j

+3Λk(xi, yi) +G(xi, yi; k),
(21)

for i = 1, 2, . . . , NΩ, where Ψk(xi, yi) = uk(xi, yi)v
k(xi, yi) and Λk(xi, yi) = |uk(xi, yi)|2.

Using the notation of local PU basis functions and their derivatives, system (21) can be expressed
as

(
2i

δt
+ iα

)
uk+1
i + β

∑N
j=1

(
D

(2)
x,ij +D

(2)
y,ij

)
uk+1
j =

(
2i

δt
− iα

)
uki − β

∑N
j=1

(
D

(2)
x,ij +D

(2)
y,ij

)
ukj

−2Ψk(xi, yi) + F (xi, yi; k),(
3ε2

δt2
+

3γε

2δt
+ 1

)
vk+1
i −

∑N
j=1

(
D

(2)
x,ij +D

(2)
y,ij

)
vk+1
j =

(
6ε2

δt2
− 1

)
vki +

∑N
j=1

(
D

(2)
x,ij +D

(2)
y,ij

)
vkj

+

(
3γε

2δt
− 3ε2

δt2
− 1

)
vk−1
i +

∑N
j=1

(
D

(2)
x,ij +D

(2)
y,ij

)
vk−1
j + 3Λk(xi, yi) +G(xi, yi; k),

(22)

where D
(2)
x,ij and D

(2)
y,ij denote differentiation matrices obtained from PUM basis functions with

respect to x and y.
For boundary nodes i = NΩ + 1, . . . , N lying on ∂Ω, the Dirichlet conditions (3) yield

uk+1
i = hk+1

1 (xi, yi), vk+1
i = hk+1

2 (xi, yi). (23)

Let N = NΩ + N∂Ω be the total number of nodes. The discrete system can be assembled into
the block matrix form

AUk+1 = BUk +CUk−1 +D+E, (24)
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where

A =

[A1]N×N [0]N×N

[0]N×N [A2]N×N


2N×2N

, B =

[B1]N×N [0]N×N

[0]N×N [B2]N×N


2N×2N

, (25)

C =

[0]N×N [0]N×N

[0]N×N [C2]N×N


2N×2N

, D =

[D1]N×1

[D2]N×1


2N×1

, E =

[E1]N×1

[E2]N×1


2N×1

. (26)

The entries of these block matrices are defined as

(A1)ij =


(
2i

δt
+ iα

)
δij + β

(
D

(2)
x,ij +D

(2)
y,ij

)
, i = 1, . . . , NΩ,

δij , i = NΩ + 1, . . . , N,

(27)

(A2)ij =


(
3ε2

δt2
+

3γε

2δt
+ 1

)
δij −

(
D

(2)
x,ij +D

(2)
y,ij

)
, i = 1, . . . , NΩ,

δij , i = NΩ + 1, . . . , N,

(28)

(B1)ij =


(
2i

δt
− iα

)
δij − β

(
D

(2)
x,ij +D

(2)
y,ij

)
, i = 1, . . . , NΩ,

0, i = NΩ + 1, . . . , N,

(29)

(B2)ij =


(
6ε2

δt2
− 1

)
δij +

(
D

(2)
x,ij +D

(2)
y,ij

)
, i = 1, . . . , NΩ,

0, i = NΩ + 1, . . . , N,

(30)

(C2)ij =


(
3γε

2δt
− 3ε2

δt2
− 1

)
δij +

(
D

(2)
x,ij +D

(2)
y,ij

)
, i = 1, . . . , NΩ,

0, i = NΩ + 1, . . . , N,

(31)

(D1)i =


−2Ψk(xi, yi), i = 1, . . . , NΩ,

0, i = NΩ + 1, . . . , N,

(D2)i =


3Λk(xi, yi), i = 1, . . . , NΩ,

0, i = NΩ + 1, . . . , N,

(32)

(E1)i =


F (xi, yi; k), i = 1, . . . , NΩ,

h1(xi, yi), i = NΩ + 1, . . . , N,

(E2)i =


G(xi, yi; k), i = 1, . . . , NΩ,

h2(xi, yi), i = NΩ + 1, . . . , N.

(33)

Finally, the vector of unknowns is given by

Uk+1 =
(
uk+1
1 , uk+1

2 , . . . , uk+1
N , vk+1

1 , vk+1
2 , . . . , vk+1

N

)tr
. (34)
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At the initial level k = 0, using the prescribed initial conditions (2), we set

U0 =

[u0]N×1

[v0]N×1


2N×1

, U−1 = U1 − 2δt

 [0]N×1

[v1]N×1


2N×1

, (35)

where

u0 = (u0(x1, y1), u0(x2, y2), . . . , u0(xN , yN ))tr, v0 = (v0(x1, y1), v0(x2, y2), . . . , v0(xN , yN ))tr,

v1 = (v1(x1, y1), v1(x2, y2), . . . , v1(xN , yN ))tr.

Here δij denotes the Kronecker delta

δij =

{
1, i = j,

0, i ̸= j.
(36)

Remark: To handle the nonlinear terms in the system (24), an iterative predictor-corrector
scheme is employed [24]. The vector D, which contains the nonlinear terms, is updated iteratively
at each time level until convergence is achieved.

Initially, for k = 0, the nonlinear vector D is constructed using the initial conditions:

D0 =

(
−2Ψ0(xi)
3Λ0(xi)

)
2N×1

, i = 1, 2, . . . , N,

where Ψ0(xi) = u0(xi)v
0(xi) and Λ0(xi) = |u0(xi)|2. Equation (24) is then solved as a linear system

for the unknown U1.
For subsequent time levels k + 1, the following iterative process is used:

1. Set l = 1 and initialize Uk+1
0 (e.g., by extrapolation from previous time steps).

2. Compute the nonlinear vector for the corrector step:

Dl =
1

2

(
−2Ψk(xi)
3Λk(xi)

)
2N×1

+
1

2

(
−2Ψk+1

l−1 (xi)

3Λk+1
l−1 (xi)

)
2N×1

,

where Ψk+1
l−1 (xi) = uk+1

l−1 (xi)v
k+1
l−1 (xi) and Λk+1

l−1 (xi) = |uk+1
l−1 (xi)|2.

3. Solve the linear system (24) for Uk+1
l using Dl.

4. Check the convergence criterion:

∥Uk+1
l −Uk+1

l−1 ∥∞ < ϵ,

where ϵ = 10−15. If converged, set Uk+1 = Uk+1
l and proceed to the next time level. Other-

wise, set l = l + 1 and return to step 2.

This iterative process effectively linearizes the nonlinear system at each time level, ensuring accurate
and stable solution advancement.
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4 Computational outcomes

This section is devoted to assessing the numerical performance of the proposed methodology through
its application to two benchmark problems. The accuracy and stability of the presented scheme
are evaluated by executing simulations across a range of values for the final time T , the nodal
spacing h (in either the x or y direction), the number of circular patches M , patch fill distance H,
patch radius R, and the time step size δt. In the subsequent test cases, we use circular patches to
ensure complete coverage of the domain and its boundaries. By adjusting the patch radii, it can be

guaranteed that overlapping between patches occurs. The radius is set as R =
√
2
2 cRH, where the

coefficient cR is determined based on the value of h to achieve optimal results.
To quantify the precision and convergence rate of the method, we employ the maximum absolute

error, defined as:

∥uexact − uapprox∥∞ = max
1≤i≤N

|uexact(xi, T )− uapprox(xi, T )|, (37)

where uexact and uapprox denote the exact and numerically approximated solutions, respectively.
In our implementation, the polyharmonic spline (PHS) is selected as the radial basis function

in Eq. (4). This RBF is mathematically expressed by:

ϕ(r) = r2λ ln(r), r = ∥x− xi∥, λ ∈ Z+, (38)

and is employed within a support domain centered at the point xi. For solving the second-order
PDE system (1), the parameter λ = 2 is chosen for the polyharmonic splines. A polynomial basis
of order 6 is appended to the RBF approximation in Eq. (4), which is given by the set:

{xi−jyj | j = 0, 1, . . . , i; i = 0, 1, . . . , 6}. (39)

4.1 Example 1

Taking Eqs. (1)-(3) under the parameter set ε = 1, α = 0, β = 1, and γ = 0, the analytical solutions
are provided as follows [15, 22]:

u(x, y, t) = t sech(x+ y) cos(−x− y) + it sech(x+ y) sin(−x− y),

v(x, y, t) = −t sech(x+ y).
(40)

The functions f(x, y, t) and g(x, y, t), alongside the initial and boundary conditions, can be derived
directly from these analytical solutions.

The numerical outcomes for this example, summarized in Table 1 and depicted in Figures 1-
4, demonstrate the efficacy of the proposed PU meshless method. The data in Table 1 clearly
illustrates the convergence of the scheme; as the spatial fill distance (h) and time step (δt) are
refined, the maximum absolute errors for both the real and imaginary parts of u and the field v
decrease significantly, reaching the order of 10−7 to 10−8 for the finest discretization. This confirms
the high accuracy of the spatial and temporal discretization techniques employed. Furthermore, the
notable improvement in the condition number of the system matrix A with refinement (from 1020 to
104) indicates enhanced numerical stability of the algorithm for smaller h and δt. The ability of the
method to handle complex geometries is also confirmed by the results on the irregular domain Ω1
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Table 1: Numerical results of maximum absolute error for real and imaginary parts of u(x, y, T )
and v(x, y, T ) on [0, 1]2 at T = 1 with M = 25 for Example 1.

Re(u) Im(u) v cond(A)

h = 1/10, δt = 1/10 9.6079e− 01 5.8828e− 01 9.9021e− 01 5.7541e+ 20

h = 1/14, δt = 1/30 9.7988e− 01 5.6309e− 01 1.0351e+ 00 5.5781e+ 19

h = 1/20, δt = 1/50 2.0316e− 05 1.9938e− 05 7.8397e− 04 4.1657e+ 04

h = 1/26, δt = 1/100 9.4697e− 06 9.6601e− 06 3.9419e− 04 6.5298e+ 04

shown in Figures 1 and 2, where it maintains good accuracy despite the non-rectangular shape. The
temporal evolution of the absolute errors, presented in Figures 3 and 4 for T ∈ {1, 2, 3, 4}, shows
that the error remains bounded and controlled over extended simulation times, further validating
the long-term stability of the method.

4.2 Example 2

As the second example, our focus is on the Klein–Gordon–Schrödinger system given by Eqs. (1)-(3),
where the parameters are assigned the values ε = 1, α = 0, β = 1, and γ = 0. The closed-form
solutions for this configuration are presented below [15, 22]:

u(x, y, t) = t sin(x+ y) + it cos(x+ y),

v(x, y, t) = t exp(−x2 − y2).
(41)

Consequently, the expressions for f(x, y, t) and g(x, y, t), as well as the requisite initial and boundary
conditions, can be determined based on the aforementioned exact solutions.

The numerical experiments for this example further substantiate the robustness and versatility
of the proposed partition of unity method. The error analysis presented in Table 2 reveals a similar
trend of convergence as observed in Example 1. Refining the spatial and temporal discretization
leads to a drastic reduction in the maximum absolute errors for all field components, ultimately
achieving machine precision levels (on the order of 10−8). This underscores the high accuracy
inherent in the method’s formulation. The significant decrease in the condition number of the system
matrix A with mesh refinement also confirms the improved numerical stability of the algorithm
for finer resolutions. Figure 5 provides a visual comparison between the exact and approximate
solutions on the domain [−1, 1]2, demonstrating an excellent visual agreement and a high-fidelity
reconstruction of the complex wave fields. The corresponding pointwise absolute errors, depicted in
Figure 6, are minimal and uniformly distributed, confirming the consistency of the high accuracy
across the entire computational domain. Finally, the results in Figure 7 highlight a key strength
of the meshless approach: its ability to maintain accuracy on irregular node distributions, such
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Figure 1: Uniform node distribution for the irregular domain Ω1 = {(r, θ) : r = 1− 1/4 cos 4θ, 0 ≤ θ ≤ 2π},
with partitioning using h = 2/20. Initially, N = 441 nodes are selected within the square domain [−1, 1]2,
and the desired region Ω1 is obtained, resulting in M = 36 circular patches.

as those generated using Halton sequences. The method shows consistent convergence behavior
even when the number of interior nodes is increased within the same patch structure, proving its
effectiveness for problems where structured meshing is challenging or impossible.

5 Conclusion

This paper has presented an implementation of the Partition of Unity meshless method for solving
the two-dimensional coupled Klein-Gordon-Schrödinger equations. The numerical scheme combines
a finite difference time discretization with a spatial approximation based on radial basis functions
within a partition of unity framework. The method demonstrates several advantageous properties,
including effective handling of complex geometries and irregular node distributions, high accuracy
with errors reaching machine precision for refined discretizations, good numerical stability over
extended time simulations, and flexibility in accommodating different domain configurations. Nu-
merical experiments on both regular and irregular domains confirm the reliability and efficiency of
the approach. The results indicate that the method provides a viable alternative to mesh-based
techniques for solving coupled nonlinear partial differential equations on complex domains.
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Figure 2: Graphs of approximate solution and absolute error for real and imaginary parts of u(x, y, T ), and
v(x, y, T ) by means of h = 2/20(N = 441), δt = 1/30 and T = 1, on the irregular domain Ω1 for Example 1.

Table 2: Numerical results of maximum absolute error for real and imaginary parts of u(x, y, T )
and v(x, y, T ) on [0, 1]2 at T = 1 with M = 25 for Example 2.

Re(u) Im(u) v cond(A)

h = 1/10, δt = 1/10 1.0634e+ 00 9.8007e− 01 9.8020e− 01 5.7541e+ 20

h = 1/14, δt = 1/30 1.0140e+ 00 9.8990e− 01 1.0189e+ 00 5.5781e+ 19

h = 1/20, δt = 1/50 3.7298e− 08 2.4980e− 08 6.6085e− 07 4.1657e+ 04

h = 1/26, δt = 1/100 2.3350e− 08 1.6559e− 08 1.8283e− 07 6.5298e+ 04

94



Zagros J. Appl. Math. & Data. Anal. (ZJAMDA)

0
0.5

1

0
0.5

1
0

1

2

x 10
−8

x

Error Re(u), t = 1

y

E
rr
o
r

0
0.5

1

0
0.5

1
0

2

4

x 10
−8

x

Error Im(u), t = 1

y

E
rr
o
r

0
0.5

1

0
0.5

1
0

2

4

x 10
−8

x

Error Re(u), t = 2

y

E
rr
o
r

0
0.5

1

0
0.5

1
0

5

x 10
−8

x

Error Im(u), t = 2

y

E
rr
o
r

0
0.5

1

0
0.5

1
0

5

x 10
−8

x

Error Re(u), t = 3

y

E
rr
o
r

0
0.5

1

0
0.5

1
0

0.5

1

x 10
−7

x

Error Im(u), t = 3

y

E
rr
o
r

0
0.5

1

0
0.5

1
0

0.5

1

x 10
−7

x

Error Re(u), t = 4

y

E
rr
o
r

0
0.5

1

0
0.5

1
0

0.5

1

x 10
−7

x

Error Im(u), t = 4

y

E
rr
o
r

Figure 3: Graphs of absolute error for real and imaginary parts of u(x, y, T ) by means of h = 1/20(N = 441),
δt = 1/50 and T ∈ {1, 2, 3, 4}, on [0, 1]2 for Example 1.
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Figure 4: Graphs of absolute error for v(x, y, T ) by means of h = 1/20(N = 441), δt = 1/50 and T ∈
{1, 2, 3, 4}, on [0, 1]2 for Example 1.
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Figure 5: The exact (a, c, e) and approximate (b, d, f) solutions of real and imaginary parts of the nucleon
field u and the meson field v with h = 2/20(N = 441), δt = 1/10, M = 49 circular patches, T = 1, on the
computational domain [−1, 1]2, for Example 2.
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Figure 6: Graphs of the absolute errors corresponding to Fig. 5.
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Figure 7: Partitioning of the square domain using M = 16 circular patches and the corresponding absolute
errors of u(x, y, T ) and v(x, y, T ) for Example 2. Above subfigures use N = 280 nodes (80 uniform boundary
and 200 Halton interior), and below subfigures use N = 680 nodes (80 uniform boundary and 600 Halton
interior), with parameters δt = 1/30 and T = 1.
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