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Abstract

Abstract: In this paper, we investigate multiobjective generalized semi-infinite optimization
problems with nondifferentiable convex data. We introduce several upper-level qualification con-
ditions of Cottle-type for both the constraints and the data. Based on these qualification condi-
tions, we establish first-order necessary optimality conditions of Fritz—John, Karush—Kuhn—Tucker,
and strong Karush-Kuhn—Tucker types for weakly efficient solutions of the considered problems.
The results are derived using tools from convex analysis.
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1 Introduction

Multiobjective semi-infinite optimization problems (MSIPs) arise in various scientific, engineering,
and economic contexts where multiple conflicting objectives must be optimized simultaneously under
infinitely many inequality constraints. A general MSIP can be formulated as

min (f1(z), f2(2),..., fp(z)) st. gj(x) >0, VjeJ,

where f; : R® — R for i € {1,...,p} are the objective functions, g; : R” — R for j € J are the
constraint functions, and J is an arbitrary index set, not necessarily finite or compact. Necessary
optimality conditions for linear, convex, and non-convex MSIPs have been investigated in several
works; see, e.g., [2 B, 10, 12, 14] and the references therein.
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A multiobjective generalized semi-infinite program (MGSIP) extends the classical MSIP by al-
lowing infinitely many constraints whose index set depends explicitly on the decision variables:

min  F(z) = (fi(z), fa(x), ..., fo(z))
st. g(z,y) >0, YyeY(zx),

where F': R™ — RP denotes the vector-valued objective function, g : R™ x R™ — R is the constraint
function, and Y (x) C R™ is a nonempty index set that depends on the decision variable .

In many practical applications, both F' and g are nondifferentiable convex functions [20]. Non-
differentiability may arise from the presence of support functions, absolute values, piecewise-defined
models, indicator functions, or Euclidean norms. The interplay of multiple objectives, variable-
dependent infinite constraints, and convex analysis renders the study of convex MGSIPs both
mathematically rich and practically significant.

In the present paper, motivated by [7, B, 1T}, 13l 22, 23], we consider the following MGSIP:

(P): g (@), ().
with the feasible set
S:={zxeR"|g(x,y) >0, VyeY(z)},

and the index set
Y(z):={y e R" | y(x,y) <0, Vt €T},

where f; : R" — R fori € I := {1,...,p}, and g,hy : R" x R™ — R for t € T are convex
functions. The index set T is finite, and the set-valued mapping = — Y (x) is assumed to be
uniformly bounded; that is, Y (x) is compact-valued and upper semicontinuous at each xg € S (cf.
[1]). These assumptions will be maintained throughout the sequel.

The aim is not to determine a single minimizer, but rather the weakly efficient set, consisting of
points at which no objective can be improved simultaneously. A feasible point z* € S is said to be
a weakly efficient solution of (P) if there does not exist any x € S such that

fi(z) < fi(z®), foralliel.

When p = 1, the MGSIP reduces to the generalized semi-infinite programming problem (GSIP),
a well-established and active research area in optimization theory. In the majority of the literature
on GSIPs, the derivation of optimality conditions for problem (P) relies on various lower-level
constraint qualifications (CQs). A comprehensive account of such CQs and the corresponding
optimality conditions—together with their applications and historical development—in the setting
where all functions are continuously differentiable (but not necessarily convex) is provided in the
monograph by Stein [22]. Further extensions of these CQs and optimality conditions to GSIPs with
convex functions, with locally Lipschitz data and with DC (difference-of-convex) structures have
been investigated by Soroush [2I], by Kanzi and Nobakhtian [I3] and by Kanzi [8, [I1], respectively.
However, significantly fewer results are available for GSIPs and MGSIPs involving nondifferentiable
convex data, leaving an important gap that motivates the present study.

When all functions in the MGSIP are continuously differentiable (resp. convex, and locally
Lipschitz), certain first-order necessary conditions have been established in [23] (resp. [9], and
[6]). In particular, Kanzi et al. [9] employ Abadie- and Guignard-type constraint qualifications to
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derive necessary optimality conditions for weakly efficient solutions of convex MGSIPs. However,
the justification of these CQs depends on the computation of tangent cones, which is technically
demanding in variational analysis. This highlights a methodological gap: although such conditions
are theoretically sound, their practical verification is often cumbersome.

In this paper, we address this gap by introducing several Cottle-type qualification conditions, for-
mulated both at the constraint and data levels. Unlike Abadie- and Guignard-type CQs, the verifica-
tion of Cottle-type conditions reduces to elementary algebraic arguments, making them substantially
more tractable. Building on these qualifications, we establish Fritz—John, Karush-Kuhn—Tucker,
and strong Karush—Kuhn—Tucker type first-order necessary optimality conditions for weakly efficient
solutions of convex MGSIPs.

The remainder of this paper is organized as follows. Section 2 presents the necessary definitions
and preliminary results from convex analysis that will be used throughout the paper. Section 3,
which constitutes the main contribution, introduces several qualification conditions and establishes
a number of necessary optimality conditions for nondifferentiable convex MGSIPs.

2 Preliminaries

In this section, we provide a concise overview of basic definitions and standard preliminaries from
convex analysis that will be used in the sequel; see [5], [I8] for details.
We denote by Ry, and Ry the sets of strictly positive and nonnegative real numbers, respec-
tively, i.e.,
R,y :=(0,+00) and R, :=R,., =[0,+00),

where A denotes the closure of a set A C R™. The standard inner product of z,y € R" is denoted
by (x,y), and the zero vector in R™ is denoted by 0,.

Given a nonempty set A C R", the notations conv(A) and conv(A) denote the convex hull
and the closed convex hull of A, respectively. Furthermore, the strictly positive polar and strictly
negative polar of a set A are defined, respectively, as

A” :={z eR"|(z,a) >0, Vac A},
AS :={z €eR"|(z,a) <0, VacA}=-A".
Recall that if A = (), then by definition, A~ = A< = R"™.
Theorem 2.1. Let A C R"™ be a compact also set. Then,
e conv(A) is compact ([3, Theorem 1.4.5]).
e 0, ¢ conv(A) if and only if A~ £ O ([{l, Theorem 3.2]).
We note [I8, Theorem 6.9] that if IT := {By | £ € L} is a collection of convex sets in R", then

n n+1
com)(UBg) = U {ZAVBgV A, >0, ny—l}. (1)
v=1

leLl {Bgl,...,BgTH_l}gH v=1

A function ¢ : R™ — R is said to be convex if, for all z,y € R",

90()\3: +(1-— )\)y) < Ap(z) + (1 — Ne(y), YA € [0,1].
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The subdifferential of a convex function ¢ at x¢p € R" is defined as

dp(wo) :={€ € R" [ () — p(x0) = (§, 2 — o), Yz € R"}.
We recall from [5], if ¢ is convex, its classical directional derivative ¢'(x¢;d), defined by

d) —
S (word) = Tim LEHED = o(@0)
8—)0+ g

exists, and we have

Op(x0) = {§ € R™ | ¢'(wo;d) = (§,d), Vd € R"}.

Since dp(xzg) is always a non-empty, compact, and convex set in R™ [5], the above equality
implies that
¢'(z0;d) = max{(,d) | £ € Dp(x0)}. (2)

Note that if ¢ is differentiable at xo, then dp(zg) = {Vp(zo)}, where V(zg) denotes the
gradient of ¢ at xg.

Assume that ¢ : R” x R™ — R is a convex function, and let (xg,y9) € R™ x R™. Then, the
functions (-, yo) : R™ — R and ¥ (xg,-) : R™ — R are both convex. The partial subdifferentials of
Y at (zg,y0) are denoted by 0,1 (o, y0) € R™ and dyt)(zo,y0) C R™, and are defined as

O:Y(z0,90) := OY(,y0)(z0), and  Iytb(zo,yo) := I (zo,-)(Yo)-

3 Necessary Conditions

At the outset of this section, we introduce some notations.
For each zy € S, we define the index set of active constraints and the corresponding lower-level
problem at zq as
Yo(zo) == {y € Y(z0) | g(x0,y) = 0},
(LPxo) © min g(xo,y), st.y e Y(x())
Moreover, the set of active inequalities of (LP;,) at each yo € Y (x), which may be empty, is
denoted by
To(zo, yo) = {t € T'| he(xo,y0) = 0}.
If yo € Yo(xo), the Fritz—John (FJ) multiplier set of (LPy,) at yo is denoted by F'(zo, o) and
consists of all (o, 8) € Ry x RLTO(IO’%)‘ satisfying

a+ Z B =1,

t€To(x0,y0)
0., € ocayg(aco, yo) + Z Bt 5yht($07y0)-
t€To(wo,y0)

Equivalently,
F(zo,y0) := {(a,ﬁ) e Ry x RIPo(owo)l ‘ holds}.

4
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Let xg € S be a feasible point for (P). We define

Qwo) = |J Sadg(@oy)+ > Biduhul(wo,y) | (a,B) € F(xo,y)

y€Yo(xo) te€To(xo,y)

We note that €(zg) serves as the nonsmooth counterpart of V(zg) defined in [7, 23].
The following theorem is a natural generalization of [7, Lemma 3.3] and plays an important role
in the subsequent analysis.

Theorem 3.1. Assume that a feasible point & € S is given. Then, Q(&) is a compact set.

Proof. Suppose that {ﬁk}zozl is a sequence in Q(#). Thus, we can find some sequences {y*} C Yy(%)
and {(a*, g¥)} C F(2,y*) such that

¢ edkong(@, ")+ Y Bfoshe(d,yF),  forallkeN.
tETO(i»yk)

Note that
Om € &FO,g(,y") + Y Bfoyhu(i,y¥),  forallk eN. (4)
tETo(C@,yk)

Define g* := (5{“, e ,ﬁg) and
Ty = To(@, y¥), for all kK € N.

Since ,for each k € N, we have |Tk| < p and the number of k is infinity, some of Tjs repeat infinite
times. Let T be one of these repeated sets, i.e., after a relabeling,

T :=To(z,y"),  forall keN.
Note that the compactness of Yy(Z) and the the fact that
(@, %) € 0,1] x [0,1]T,  forall k € N,
imply that, with no relabeling of subsequences,
y" =g €Yo() and (af, %) = (&, 0),

such that
G+ Bi=1 (5)

teT

On the other hand, the continuity of h; functions as ¢t € T' concludes that
=0

—— .
he(&,y%) = he(@,5),  forallteT,
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and so hy(Z,5) =0 ast € T, which deduces that T C Ty (Z,7). Hence, the upper semicontinuity of
convex subdifferential and conclude that, with no relabeling of subsequences,

Om € ADyg(2,9) + Y Bidyhi(,9) € adyg(#,9) + D Bidyhi(#,9).
teT teTo(2,9)

This inclusion and show that R
(&, B) € F(2,9). (6)

Now, the upper semicontinuity of set-valued mapping y — 9,9(%,y) and y +— O,hi(Z,y) ast € T
conclude that we can find a subsequence of {¢*} converging to some ¢ with

5 € a0.9(Z,7) Z ﬂtﬁ he(Z,9) C Q(2),
teTo(,9)

where the final inclusion holds by @ The proof is complete. |

As we noted in Section 1, if Y (z) := Y for all z € S, the problem (P) can be reformulated as
the following MSIP:

(Pr) : min (f1(z),..., fp(z))
s.t. gy(z) >0, yey,

where the convex function g, : R® — R, for each y € Y, is defined as

gy(x) :==g(z,y), VzeR"™

To establish the necessary optimality conditions for (P;), the following two assumptions are
commonly made and have been used in numerous studies; see, e.g., [I5] for the convex case, and
[2, 10, [12] for the nonsmooth case:

e The Pshenichnyi-Levin-Valadier (PLV) property at zg, i.e.,

8( mf gy)(:r:o) C conv( U gy :co)>,

YEYzg

where

Yo, i= {y €Y | gy(xo) = O}.

e The continuity property at xo, i.e., Y is a compact set (in some Euclidean spaces), the function
y — gy(z0) is upper semicontinuous on Y, and the set-valued function y + 9gy(xo) is upper
semicontinuous on Y.

To extend these conditions to MGSIPs, we consider the following assumptions, while the re-
maining conditions are derived from our previous hypotheses.

Definition 3.2. We say that the perfect property (PP) holds at x¢ € S if the following conditions
are satisfied:
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e The extended PLV property holds at xg, i.e.,
dp(xg) C conv(Q(mo)),

where

o(z) :=inf{g(x,y) |y € Y(x)}, Ve e S.

e The set-valued mappings y — 0,9(xo,y) and y — I hi(xo,y), for all ¢ € T, are upper
semicontinuous on Y (xg).

It is worth noting that, because of the significance of the function ¢(-), known as the “marginal
function,” numerous studies have focused on obtaining upper estimates of its subdifferential; see,
e.g., [16, [17, 19] and the references therein.

Remark 3.3. Note that if the functions involved are continuously differentiable, the perfect prop-
erty (PP) automatically holds at every xg € S.

The following lemma plays a fundamental role in the subsequent analysis.

Lemma 3.4. Suppose that T is a weakly efficient solution of (P) and that the PP holds at &. Then,
P

0, € conv( - Josi@) v Q(:&)). (7)
i=1

Proof. Since | J!_; 0f;(Z) is a finite union of compact sets, it is compact, and Theorem concludes
that the following set is compact,

~-Josi@)ua@).
=1

If does not hold, Theorem implies that

P >
(—Uaﬂ@wﬂum> # 0.
=1

Thus, we can find a non-zero vector u € R™ such that

<

%%ue(—UaM@UQ@O :<U6M@>rwmwf-

Since

u € (Q(:ﬁ))> = (conv(ﬂ(ﬁ:)))>,

the PP assumption implies that u € (3@(@))>. So, (u,&) > 0 for all £ € dp(&), which concludes
' (Z;u) > 0 by . Thus, by the definition of directional derivative, we can find a positive number
0o > 0 such that

o(Z +eu) — (&) >0, forallee (0,d).
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This inequality, the fact that ¢(Z) > 0, and definition of ¢(-), conclude that
9(Z +eu,y) >0, Ve € (0,00), Yy € Y(Z + eu). (8)

On the other hand, because

i=1 =1

P P
ue (Uafi(@) = (0fi(2))~,
we deduce by that
fl(Z;u) <0, foralliel.
Thus, for each ¢ € I, we can find a positive number §; such that
fi(@ 4+eu) < fz(i'), for all € (0, (52) (9)

Take
¢ := min {50,51, . ,5p}.

Owing to —@, for all € € (0, 5), we have £ +cu € S and

(fl(:i Yeu), ... 7fp(iﬁ+5u)) < (fl(gz), N .,fp(fc)).

This contradicts the weak efficiency of &, and so is proved. |

The following theorem extends [7, Theorem 1.1] to the setting of nondifferentiable convex
MGSIPs.

Theorem 3.5 (FJ Necessary Condition). Suppose that & is a weakly efficient solution of (P) and
that the PP condition holds at &. Then, there exist finitely many indices y', ... y? € Yo(2), non-
negative scalars ¥ € Ry and 77 € Ry forv =1,...,q and t € Ty(Z,y"), as well as non-negative
scalars \; € Ry fori € I, such that

q
0n szafz Zn" g(&y7) =Y D T Ouhu(dyY), (10)

v=1t€Tp(2,y)

ZA +Zn +Z Yoo (11)

v=1 teTy (xvyy)

Proof. According to Lemma and the structure of convex hulls in , there exist points y” € Yy (&)

and pairs (o, ") € F(z,y") for v = 1,...,q, non-negative scalars \; € R, for ¢ € I, and non-
negative scalars v, € Ry for v =1,...,¢q, such that
q
0, € ZA ofi@) — [ S (atug@y)+ > Bouuliy”))
v=1 te€To(Z,yv)
q
waz B SRTC RTINS SR SRR CYALRT)
v=1 v= ltETo(I,yV)
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p q
=1 v=1

Taking
n’ =y and 17 =70/, foralv=1,...,q,
we have .
On € ZA ofi(a Zn Ong(2,0") =Y Y. T Ouhu(,y"),
V=1 teTp(2,y")
and
ZA +Z77 Py - ZA +Z%(a Y A=t
v=1 te€Ty(z,y") teTo(Z,y")
where the last equality follows from (o, 8”) € F(&,y") for v =1,...,q, and from (12). [ |

As is well known, Theorem remains valid even when \; = 0 for all ¢ € I, in which case the
vector-valued objective function does not appear in the main inclusion . For this reason, we state
a Karush-Kuhn-Tucker (KKT) type necessary optimality condition below. It is well established
in classical optimization that a KKT-type necessary condition requires an appropriate constraint
qualification (CQ). Motivated by this, we introduce the following two (upper-level) Cottle-type
qualifications for problem (P).

Definition 3.6. We say that (P) satisfies

e the Cottle constraint qualification, denoted by CCQ, at zg € S if

(Qzo))” #£ 0.
e the Collte data qualification, denoted by CDQ, at xg € S if
<
U ofizo) | N (Qz0))” #0,  forallkel.

Note that, since the objective functions play a role in the definition of CDQ), it is referred to as

a data qualification rather than a constraint qualification. Clearly, the following implication holds
at each feasible point xy € S:

ChQ = CCQ. (13)

As generalization of [23, Theorem 3.1], we set the following theorem under CCQ.

Theorem 3.7 (KKT Necessary Condition Under CCQ). Suppose that & is a weakly efficient so-
lution of (P). If CCQ and PP hold at &, then there exist finitely many indices y', ..., y? € Yo(&),
non-negative scalarsn” € Ry and 1y € Ry forv=1,...,q andt € To(Z,y"), as well as non-negative
scalars A; € Ry forv € I, such that

q
0 c Z)\ 6f2 ZT]V :pg T y Z Z Ttyaxht(i'vyu)7

v=1 teTO(jayV)
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Proof. Employing Theorem we can find points y!, ..., y? € Yy(%), non-negative scalars n € R
and 77 € Ry for v =1,...,q and t € Ty(Z,y"), as well as non-negative scalars \; € Ry for ¢ € I,
such that f are satisfied. If \; =0 for all ¢ € I, we then obtain

OGZn”xgxy +Z Z T/ Oxhe(Z,y"),

v=1 teTy(&,y")

v=1 teTy (z,y¥)

This implies 0,, € conv( , and so (conv ) = (). Consequently,

(22))” = (conv(2(2)) =0,

which contradicts the CCQ assumption at &. This contradiction implies that \; £ 0 for at least one
i € I, and hence Y 2, A; > 0. Dividing all coefficients \;, n”, and 7/ by >_.7_; \;, and appropriately
renaming the multipliers, yields the desired result. |

In most examples, Theorem involves A\ = 0 for some k € I, so that the corresponding
objective function fj does not contribute to the necessary condition. We say that the strong KKT
condition holds at # when A\; > 0 for all ¢ € I. In the next theorem, we state the strong KKT
necessary conditions for a weakly efficient solution of (P) under the CDQ assumption.

Theorem 3.8 (Strong KKT Necessary Condition Under CDQ). Suppose that & is a weakly efficient
solution of (P). If CDQ and PP hold at &, then there exist finitely many indices y', ... yd € Yo(%),

non-negative scalars n¥ € Ry and 77 € Ry forv =1,...,q and t € To(z,y"), as well as positive
scalars \; € Ryy fori € I, satisfying Y b1 \i =1 and (@

Proof. Since CDQ implies CCQ by , we can repeat the proof of Theorem to find points
y” € Yp(&) and pairs (¥, %) € F(z,y") for v = 1,...,q, non-negative scalars \; € R, for i € I,
and non-negative scalars v, € Ry for v =1,...,¢, such that >  A; =1 and

p q
0n € Y NOi() — | S (0" 0ug(y) + D0 Broshu(ay))
i=1 v=1 teTo(&,y)

Thus, there exist some fl € 0fi(z), for i € I, and some

(Y €a’Oug(@,y")+ Y Blduhu(i,y"),

teTy (£7y1/)

forv=1,...,q, such that

p q
YN =D =0, (14)
=1 v=1

10
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We claim that
Ai >0, foralliel (15)

Otherwise, suppose A = 0 for some k € I. Since CDQ holds at Z, there exists u € R” such that

<

we | |J 9fiwo) | N (Qao))”

This implies that
(€¥,uy <0, forall ¢el\{k},

(¢¥,u) >0, forall v=1,...,q.

The above inequalities, together with , the condition Eie[\{k} A; = 1, and the fact that (\;, ) €
Ry xRy forteel and v=1,...,q, imply that

q

0=XM(& )+ D Nfu) =) (¢ u) <0.

N——

=0 ieI\{k} v=1
—_ —m—,—
<0 20
This contradiction establishes that the claim (15)) holds, thereby completing the proof. |

It is worth noting that a strong KKT-type necessary condition for smooth MGSIPs at a properly
efficient solution (which is stronger than weakly efficient solutions) in [23, Theorem 3.3]. However,
neither Theorem nor [23, Theorem 3.3] is strictly stronger than the other, even in the smooth
case. In Theorem the efficiency notion is weaker than in [23, Theorem 3.3], whereas the
qualification condition in Theorem is stronger. Consequently, these results can be regarded as
two complementary, parallel theorems.

As the final point, we note that CDQ is strictly stronger than CCQ, and Theorem may fail
under the CCQ assumption. The following example illustrates this point.

Example 3.9. Consider problem (P) with the following data:

T={1}, z=(21,22) €R?Y fi(z)=—m1, [fao(z) =12,
g(xuy) :min{2_y152+y172_y252+y2})
hi(z,y) = (y1 — z1)* + (y2 — 22)? — L.

It can be verified that S = [—1,1] x [-1,1] and Y(z) = [-2,2] x [-2,2] for all z € S. A
short calculation shows that & = (1,1) is a weakly efficient solution, and that Yy(z) = {9, ¢}, with
y=(1,2) and §j = (2,1). Since To(Z,y) = To(z,¥) = {1}, the corresponding multiplier sets are

F(2,9) = {(e, B) € RY | (0, —=1) + 5(0,2) =03, o+ B =1} = {(g;)}

F(@.5) = {(0,8) € R2 | a(=1,0)+ B(2,0) = 0y, a+ f=1} = {(g;)}

11
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Furthermore, we can see

26 - {20+ j0-0 v {20+ 20} = {02 2o},
U afi@) ] n (@) = (=00,0) x (—0,0),
ien\{1}
U afi@) | n(Q@)” =0.
ien{2}

On the other hand, ¥(x) = 0 for all x € S, and so, the PP condition holds at z.

From these observations, we conclude that CDQ fails at &, whereas GCCQ is satisfied. Fur-
thermore, a direct computation shows that there do not exist positive scalars A1, A\a € R4 and
non-negative scalars pi, us € Ry satisfying the strong KKT condition in Theorem

M {(-1,0)} + 2 f(0, 1)} — {0, —2)} — pod (2, 0)} = {02}, (16)

However, Theorem [3.7] allows for non-strictly positive multipliers. Indeed, one can choose, for
instance,

3
)\1:17 )\2:07 }ulzia :u2:0’

which satisfies . This example thus demonstrates that Theorem may fail under CCQ, while
the weaker KKT condition in Theorem 3.7 remains valid.
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