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Abstract

Abstract: We introduce two new types of Geraghty contraction mappings on S-metric spaces:
(o, (@, h), 1)—Geraghty contraction and its generalized form. We establish fixed point theorems
ensuring existence and uniqueness of fixed points under these mappings. Our results extend clas-
sical fixed point theory with relaxed contractive conditions. Examples are provided to illustrate
the applicability of the theorems.
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1 Introduction

The Banach fixed point theorem states that if a function is a contraction mapping, it has a unique
fixed point in a complete metric space. This theorem, also called the Contraction Mapping Theo-
rem, is widely used in different areas of mathematics, especially for solving equations and proving
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the existence of solutions in ordinary differential equations, integral equations, iterative numerical
methods, the convergence of Newton’s method, control theory, and optimization problems (see [I],
[5]-[7] and [9]).

Many researchers have worked to generalize this idea and have created new results. For more
information on the fixed point theorem and its generalizations, refer to [5]-[11] and [I3]-[16]. The
Graghty fixed point theorem expands the Banach theorem by providing a less strict condition for a
function to be a contraction mapping (see [2], [§] and [18]).

In this work, we explore two new types of Geraghty fixed point theorems. These are the
(a, (@, h), p)—Geraghty contraction mapping and the generalized (a, (Q,h), u)-Geraghty contrac-
tion mapping, both in the framework of S-metric spaces. We outline key conditions that guarantee
the existence and uniqueness of fixed points in these spaces. We present new findings related to the
fixed point theorem and provide examples to highlight our results.

2 Preliminaries

Sedghi et al. [17] introduced the notion of S—metric spaces as follows.

Definition 1. Let X be a nonempty set. An S—metric on X is a function S : X3 + [0, 00) that
satisfies the following conditions for all z,y, z,a € X:

S1 S(z,y,z) =0ifand only if z =y = 2z = 0;
S2 S(z,y,2) < S(z,2,a) + S(y,y,a) + S(2, 2,a).
The pair (X, 5) is called an S—metric space.

Immediate examples of such S—metric spaces are:

(1) Let X =R* and ||- || be a norm on X, then S(z,y,2) = |2z +y— 32|+ ||x — 2| is an S—metric
on X for all x,y,z € X.

(2) Let X be a nonempty set, d is ordinary metric on X, the Sy(z,y,z) = d(x, z) + d(y, z) is an
S—metric on X for all x,y,z € X.

Lemma 1. Let (X, S) be an S—metric space. Then
S(x,z,z) <25(x,z,y) + S(y,y,2),
forall z,y,z € X.

Lemma 2. (see [17]) Let (X,S) be an S—metric space. Then S(z,z,y) = S(y,y,x), for all
x,y € X.

Definition 2. Let (X, S) be an S—metric space.

1 A sequence {z,} C X is said to convergent to x € X if S(zp,xn,z) — 0 as n — oo. That is, for
each € > 0, there exists ng € N such that for all n > ng, we have S(z,,z,,x) < €.
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2 A sequence {x,} C X is said to be a Cauchy sequence if S(zy,, Zn, Tm) — 0 as n,m — oco. That
is, for each € > 0, there exists ng € N such that for all n,m > ng, we have S(xy, zn, Ty) < €.

3 The S—metric space (X,S5) is said to be complete if every Cauchy sequence is a convergent
sequence.

4 A mapping T': X — X is said to be S—continuous if {T'z,} is S—convergent to Tz, where {z,}
is an S—convergent sequence converging to x.

Lemma 3. Let (X,S) be an S—metric space. If there exist sequences {xn} and {yn} such that
Ty — x and Yp, — Yy as n — oo, then S(xn, Tn,yn) = S(z,z,y).

Lemma 4. Let (X,S) be an S—metric space. If the sequence {x,} in X is such that x,, — x, then
T 1S unique.

On the other hand, Priyobarta et al. [12] extended the class of «-admissible mappings in the
context of S-metric space as shown below:

Definition 3. [12] Consider the mapping T: X — X and let a: X? — [0,00) be a function,
with X a nonempty set. T is referred to as a-admissible mapping, if for all x,y,z € X, we have

a(z,y,2) > 1= (T2, Ty,Tz) > 1. (1)

Example 1. [12] Assume X = [0,00), the mappings T : X — X, and a : X3 — [0,00) are
defined by T'(u) = 4u, for all v € X, and «o(z,y,z) = ew if x > y > z,z # 0,y # 0, and
a(r,y,z) =0, if x <y <z Then T is a-admissible.

Definition 4. [4] Consider the mapping 7: X — X and let us: X3 — [0,00) be a function,
with X a nonempty set. T is referred to as us-subadmissible mapping, if for all x, y, z € X, we
have

ps(w,y,2) < 1= ps(Tx, Ty, Tz) < 1. (2)

Definition 5. [2] A map A : X — X is said to be triangular a-admissible if
1 A is a-admissible,
2 a(z,x,z) > 1La(z,2,y) > 1 = a(z,z,y) > 1.

Lemma 5. [2] Let A : X — X be a triangular a-admissible map. Assume that there exists
z1 € X such that a(xy,z1,Ax1) > 1 . Define a sequence {xn} by xn11 = Axy. Then we have
Ty, Ty Ti) > 1 for all m,n € N with n < m.

Next, we present definitions of functions of subclasses of types I and I, and pairs of the upper
class of types I and I1. For more details on this consult [3].

Definition 6. [3] We say that the function h : RT x Rt — R is of subclass of type I, if z > 1 =
h(1,y) < h(z,y), for all z,y € RT.

Here, we present examples of functions of the subclass of type I, [3].
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Example 2. [3]

(1) h(z,y) = (y+1)*, 1> 1.

(2) h(z,y) = (x +1)Y,1 > 0.

(3) h(z,y) = 2"y*, k > 0,n € NU{0}

(4) h(z,y) = e datetly,

(5)h(,y) = (T et 4y 1>,
(6) h(z,y) = Tnxjgy,m,n eN.

Remark. Observe that y < h(1,y).

Definition 7. [3] We say that the function h : RT x RT x RT™ — R is of subclass of type I1, if
r,y > 1= h(1,1,2) < h(z,y,2) , for all x,y,z € RT.

Example 3. [3] Examples of functions of subclass of type I1.

(1) h(z,y,2) = (2 + )%, 1> 1.
(2) h(z,y,2) = (zy +1)*, 1> 0.
(3) h(xaya Z) = Imynzp, m,n € NU{O},]) > 0.

Z:Oxnfiyi
(4) h(z,y,2) = (7))
Z xn—iyi
(5) ]’L((L’,y,Z) = (12077,74-1 _’_l)z, [>1
(6) h(w,y, 2) = “ Ik n,p g,k € N.
Remark. Observe that z < h(1,1, z).

Definition 8. [3] Let h,Q : RT x R™ — R be functions. We say the pair (Q,h) is an upper class
of type I, if h is a subclass of type I, and it satisfies:

1. 0<s<1= Q(s,t) <Q(1,1),
2. h(l,y) < Q(s,t) = y < st, for all z,y,s,t € RT.
If we take s =1 in (2), then the pair (@, h) is called a special upper class of type I.

Example 4. [3] Examples of upper class of type I.
(1)Let h(x,y) = (y+ 1", 1> 1, Q(s,t) = st + L.

(2) Let h(x,y) = (x +1)Y,1 >0, Q(s,t) = (1 +1)*.

(3) Let h(z,y) = z"y*, Q(s,t) = s™tF k > 0.

(4) Let h(xz,y) = T}fjﬁy,m,n €N, Q(s,t) = st.

(5) Let h(w,y) = (S tbl L )y 1> 1, Q(s,t) = (14 1),
(6) Let h(z,y) = (y+1)* 1> 1, Q(s,t) = st + é,k > 1.

Definition 9. [3] Let A : RT x R x R" - R and @ : Rt x RT — R be functions. We say the
pair (@, h) is an upper class of type I1, if h is a subclass of type II, and it satisfies the conditions:
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1. 0<s<1= Q(s,t) <Q(1,1).
2. h(1,1,2) < Q(s,t) = z < st, for all z,s,t € RT.
If we take s =1 in (2), then the pair (@, h) is called a special upper class of type I1.

Example 5. [3] Examples of the upper class of type I1.

(1) h(z,y,2) = (z+1)™,1 > 1,Q(s,t) = st + .
(2) h(z,y,2) = (xy +1)*,1 > 0,Q(s,t) = (1 +1)%.
(3) h(z,y,z) = x™y"2P, Q(s,t) = sPtP, m,n € NU{0},p > 0.
(4) h(z,y,z) = %zk m,n,p,q,k € N,Q(s,t) = (st)".
(5) h(z,y, z) = ("_07 +0)%,1>1,Q(s,t) = (1 +1)%

> aniyl

(6) h(m,y, ): (Z:OT)Z Q(S t) = st.
(7) Mz, y,2) = (2 + D), > 1,Q(s,t) = st + £,k > 1.

3 Main Results

In this section, we will present two innovative forms of Geraghty fixed point theorems: the («, (Q, k), u)—
Geraghty contraction mapping and the generalized («, (Q,h), u)-Geraghty contraction mapping
within the context of S-metric spaces. We will outline the essential conditions that guarantee the
existence and uniqueness of fixed points in these metric spaces. To commence this section, we will
introduce a lemma that is crucial for the subsequent theorems.

Lemma 6. [2] Suppose (X,S) is a S metric space. Let {x,} be a sequence in X such that
S(Xn, Tny Tnt1) — 0 as n — oo. If {x,} is not a Cauchy sequence, then there exist an € > 0
and sequences of positive integers {m(k)} and {n(k)} with

m(k) > n(k) > k such that S(z, ), Tmk), Tnk)) = € S(Tmk)—1> Tm(k)—1, Tn(k)) < €, and
(1) img o0 S(Tp(k) =15 Trm(k) =15 Tn(k)—1) = &,
(ii) limkﬁoo S(xm(k), xm(k)7 a?n(k)) =£&.

Let €2 be the family of all functions S : [0,00) — [0, 1] such that, for any bounded sequence {t,}
of positive reals, 5(t,) — 1 implies t,, — 0.

Definition 10. Assume ( X, S) be an S-metric space and let the pair (Q,h) be an upper class of
type I. A mapping T : X — X is said to be an («, (@, h), u)—generalized Geraghty contraction
mapping, if there exist functions a : X3 — [0,00), 1 € Q , such that the following holds:

n(alw, 2,9),S(Ta, T2, Ty)) < Q(u(M(x, y)), M(z, v)). 3)

for z, y € X, with
M(z, y) = max{S(z,z,y),S(x,z,Tz),S(y,y, Ty)}.
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Theorem 1. Let ( X, S) be a complete S-metric space andT : X — X be («a, (Q,h), u)—generalized
Geraghty contraction mapping. Assume the following holds:

(1) T is triangular c-admissible mapping.
(2) There is £y € X, such that o(lo, by, Tly) > 1.
(8) T is continuous.

Then, T has a fized point uw € X and {T™ly} converges to u.

Proof. Select £y € X so a(lo, o, Tly) > 1,. A sequence {£,} is formed by Tly = {1, Ty = Tty = 5.
And, for any n € N, put

TWU=T" Y= =Tl =10,

In addition, T™¢y # T™ 4y holds for all n > 0, (since the eqiality 7"y = T" ¢y implies that
l,, is trivially a fixed point for all n > 0).

As T is an a-admissible function, this implies as( 4y, €y, lnt1) > 1, for all n € N. Utilizing the
fact that T is («, (@, h), u)—generalized Geraghty contraction mapping, we obtain,

h(l,S(En, O, £n+1)) - h(1, S(T b1, Tly_1, Ten))
< h(a(en,l, Coty £n),S(T bo1, T byt TEn))
< Q((M(tur, £2)), M(Laor, 62))-
As the pair (Q, h) is an upper class of type I, then we have
S(ln, ln,y bng1) < p(M(lpv, n))M(ln—1, £n)). (4)
Here, we have

M(En—l) gn) = maX{S(gn—ly E’I’L—l, En),S(fn_l, gn—l; gn),S(fn, £n7 gn—i—l)}
= max{s(én—h b1, En),S(gn, ln, En—i—l)}-

If max{S(ln—1, ln-1, €n),SUn, ln, ln+1)} = S(Un, £n, lnyt1), then from and the definition
of u, we have

S(Ena €n7 en—‘rl) S M(M(en—la gn))aM(gn—la En)) < S(env Zn, gn—l—l)u

which is a contradiction. Thus, we have
maX{S(En—lv gn—lv gn),S(fn, Env En-{—l)} = S(En—h En—la En)
From and the definition of u, we have

S(fn, ly, £n+1) < H(fnfla gn)aM(gnfly ‘én))
,u( M(gn—lv fn))S(gn—ly En—l, En) (5)
< S(gn—ly En—l, En)
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It follows that {S( ¥4, ¢y, £n+1)} is bounded monotonic decreasing sequence of positive numbers, so
there exists r > 0 such that
lim S( 4y, bny bny1) =7

n—oo

Letting n — oo in , we obtain

1< lim p(M(ly—1, €,)) <1

n—oo

by the property of u, thus r =0 and

Hm S(ln, €, losr) = O. (6)

n—o0

Now, we shall prove that {¢,} is a Cauchy sequence. If {/,} is not a Cauchy sequence, then
by Lemma [6] there exist € > 0 and two sequences {m;} and {n;} of positive integers such that the
following four sequences tend to €, when k — oo:

lim S(Em(k), Km(k), én(k)) =€ 7k1i>n;o S( Zm(k),l, gm(k),l, En(k)fl) =& (7)

k—o00

As (o, (Q, h), ) —generalized Geraghty contraction mapping, we obtain,

h(LS(gm(k)a (k) gn(k))) = h(L S(Tfm(k)—bTﬁm(k)—l,Tﬁn(k)—1)>
< h(a( Crn(k)—15 Lon(k)—15 n(i)—1) ’S(Tem(k)—hTgm(k)—luTgn(k)—l))
< Q(M( M (=15 nky—1))s M (Lpey—1, En(k)—l)))-

So,
S(Ulmkys Lk Luky) < M Coniiy=15 Lr(ey—1)) M (Liny—15 Ln(ry—1)- (8)

Here, we have

M iy —15 Lry—1)
= maX{S(gm(k)—la Em(k)—la én(k)—1)7 S(Em(k)—la gm(k)—la ém(k))v S(én(k:)—la gn(k)—la En(k))}
— E.

Letting kK — oo in , we obtain

1< lim /L(M(xm(k)flaxn(k)fl)) <1,

k—o0

(by the property of 11). Thus e = 0. Cosequently, {/,} is a Cauchy sequence. From the completeness
of (X, 5), the sequence {¢,} will converge to some u € X. As T' is continuous, we have

u= lim f,y1 = lim T/, =T u.
n—oo n—oo
Hence, u is a fixed point of 7. |

In the subsequent theorem, we aim to demonstrate the validity of our assertion without imposing
the continuity condition on 7.
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Theorem 2. Let ( X, S) be a complete S-metric space andT : X — X be («a, (Q,h), u)—generalized
Geraghty contraction mapping. Assume that the following conditions:

(1) Conditions (1)-(2) in Theorem [1] hold.

(2) If {£n} is a sequence in X such that a(ly, Ly, lnt1) > 1 for all neN and £, — £ € X as n— oo,
then there exists a subsequence {{y,} of {{n} such that a(ly, , Uy, ,¢) > 1 for all k.

Then, T has a fixed point u € X and {T™{y} converges to u.

Proof. The demonstration follows a comparable approach to that of the proof presented in Theorem
We conclude that ¢,, — ¢ € X. By the hypothesis (2), there exists a subsequence {/,, } of {¢,}
such that a(4y, , y,,¢) > 1 for all k.

Utilizing the fact that 7" is («, (@, h), u)—generalized Geraghty contraction mapping, we obtain

B(L S (i1, logs1,T0)) = h(1,S(T by, Ty, T0))
< h(a(ﬁnk, b 0),S(T oy, Ty, T£)>
< QUM (buys ). M(tny, ).
As the pair (Q, h) is an upper class of type I, hence we have
S(bmtts Lugsts TO) < (M by )My, £). (9)
Here, we have

M(emm 6) = maX{S(gnka fnk, E),S(Enk, Enk, Enk+1),5(€, Ea Té)}
= max{SUp_1, ln_1, €n),S(ln, ln, lni1)} — S(C, £, TY).

Letting n — oo in @, we obtain

1< dim p(M(lyy, £)) < 1.

n—oo

By the property of u, we have. Thus

lim M((,,, ¢) =0.

n—0o0
ie.
lim S(4,, ln, bni1) = 0. (10)
n—oo
This is a contradiction. Therefore, we must have v = Tu. |

Theorem 3. Let ( X, S) be a complete S-metric space andT : X — X be («a, (Q,h), u)—generalized
Geraghty contraction mapping. Assume that the following conditions hold:

(1) Conditions (1)-(8) in Theorem[1] or conditions (1)-(2) in Theorem[3 hold.

(2) For any two fized points £ and y of T, there exists z € X such that a(€,0,z) > 1, a(y,y,z) >1
and oz, z,Az) > 1.
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Then, T has an unique fized point u € X and {T™ly} converges to u.

Proof. Due to Theorem |1} (or Theorem , we obtain that u € X is a fixed point of T. Let v € X
be another fixed point of T'. Then, by hypothesis (2), there exists z€X such that

a(u,u,2) > 1, a(v,v,2) > 1, a(z,z,Az) > 1.
Since A is a-admissible we get
a(u,u, T"z) > 1, a(v,v,T"z) > 1 for all n € N.

Utilizing the fact that T is (o, (Q, h), u)—generalized Geraghty contraction mapping, we obtain

h(1,5(u, u,,T"“z)) (1, S(Tu, Tu, TT”z))
(a(u, u, T"z),S(Tu, T u, TT”Z))

(,LL(M(U, T"z)), M(u, T”z))) .

IN

h
h
Q

IN

So,
S(u,u,, T"M2) < p(M(u, T"2)) M (u, T"z)). (11)

Also, we have

M(u,T"z) = max{S(u,u,T"2),S(u,u,u),S(T"z, T"z, TT"z)}
= max{S(u,u, T"z2),S(T"z, T"z, T""'2)} = S(u,u,z*).

By Theorem [l (or Theorem [2) we deduce that the sequence {T"z} converges to a fixed point
z* € X. Letting n — oo in , We obtain

1< lim p(M(u,T"z)) < 1.
n—oo
(by the property of u). Thus
lim M (u,T"z) = 0.

n—oo
ie.
S(u,u,z*) =0. (12)

Therefore, we must have v = z*. Similarly, we get v = z*. Thus we have u = v. Hence, u is the
unique fixed point of T |

Definition 11. Suppose that ( X,S) is an S-metric space and the pair (@, h) be an upper class of
type I. A mapping T : X — X is said to be an («, (@, h), u)—Geraghty contraction mapping, if
there exist functions a : X3 — [0,00), u € Q, such that

h(a(x, 2,9),8(Te, To, Ty)) < Q(u(S(, ,9)), (. 2.1)), (13)

for z, y € X.
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Theorem 4. Let (X, S) be a complete S-metric space and T : X — X be (o, (Q, h), u)— Geraghty
contraction mapping. We assume the following conditions hold:

(1) T is triangular a-admissible mapping.
(2) There is £y € X, such that o(ly, by, Tly) > 1.
(3) T is continuous.
Then, T has a fized point uw € X and {T™ly} converges to u.
Proof. We define the sequence {z,} by
xo =4y, xp+1=Tx,, n>0.

By the assumption «(y, %y, T¢) > 1 and the triangular a-admissibility of T, by the induction
argument we get
Ty, Tn,Tne1) > 1 forallm > 0.

By the (a, (Q, h), u)-Geraghty contraction condition, for all n, we have the following inequality:

h(a(xm T, xn—i-l): S(Tl'n, Ty, Twn—i—l)) < Q(M(S(xnv Ty 37n+1))7 S(xm T, xn-&-l))’

Since a(Zp,Tn, Tpy1) > 1 and and h belongs to subclass type I, which is increasing in the first
argument, we can derive the following inequality:

h(l, S(ZEnJrla Tn+1, $n+2)) < Q(M(S(-Tna Tn, $n+1))7 S($n, Ln, $n+1))7

for n > 0.
By the definition of upper class type I, for all 0 < s <1 and ¢t > 0, we have

Q(s, 1) < Q(1,1),
and the property h(1,y) < Q(s,t), implies that
y < st.

Applying this with s = pu(S(xn, n, xnt1)) € [0,1] and t = S(xy, Tpn, Tnt1), from the inequality
above we get the following inequality:

S(xn-‘rla Tn+1, xn+2) < M(S($n, Tn,s xn+1))S(xn7 Tn, xn+1)~

Since p € €, the function u : Ry — [0, 1] satisfies the following condition:
If S(xp, Tn, Tpy1) — 0, then u(S(xp, xn, Tpy1)) — w(0) < 1.

By the recursive inequality,

S(Jjn—&-la Tn+1, xn—i—?) < M(S($n, Ln, $n+1))S($na Tn, xn—i—l)u
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we conclude that {S(xy, zn, zn+1)} is a decreasing sequence and S(zy,, Ty, Tnt1) — 0.
Since X is a S-metric space, for any m > n, we have

m—1

S(Xn, Tny Ty,) < Z S(xg, Th, Thy1)-

k=n
Since limg o S(xk, Tk, Tp1+1) = 0, then we get
[o¢]
Z S(zg, 2, xkr1) = 0 as n — oo.
k=n

This implies that {x,} is a Cauchy sequence in the complete S-metric space (X, .5).
By the completeness of X, there exists u € X such that

lim z, =u, ie., S(xp, xn,u)— 0.
n—o0
As the function T is continous, we have
Tu=1T lim x, = lim Tz, = lim z,4+1 = u,
n—oo

n—oo n—o0

Thus, u is a fixed point of T.
According to the construction of z,, the sequence {x,} = {T"¢y} converges to the fixed point

Consequently, T has a fixed point © € X and {T"¢y} converges to u. |

Theorem 5. Let (X, S) be a complete S-metric space and T : X — X be (o, (Q, h), u)— Geraghty
contraction mapping. Assume the following conditions hold:

(1) Conditions (1)-(2) in Theorem [4] hold.

(2) If {£,} is a sequence in X such that a(ly,ly,lpt1) > 1 for all n €N and £, — ¢ € X as
n— 00, then there exists a subsequence {{y, } of {{n} such that a(y, ,Cn,,¢) > 1 for all k.

Then, T has a fized point uw € X and {T™ly} converges to u.
Proof. We define the sequence {z,} as follows:
xg =4y, xp+1=Tx,, n>0.
According to the assumption and since T is triangular a-admissibility, we have
Ty, Tn,Tne1) > 1 forallm > 0.

From the (a, (@, h), 1)-Geraghty contraction condition, for each n > 0, the following inequality
holds:

h(a(xn’ Tn, xn-{—l)p S(Tl‘n, Trp, T-rn—f—l)) < Q(M(S($nu T, $n+1))7 S(.Tn, T, mn—&-l))-
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Since a(Zp, Tn, Tpt1) > 1 and h is increasing in the first argument (subclass type I), then, we get

h(lv S($n+1,l‘n+1, xn+2)) < Q(N(S(l'na Ln, xn—i—l))y S(xn’ Ln, xn—&-l))-

Properties of the pair (@, h) and p € Q, implies that

S(Tpt1, Tnt1, Tnt2) < ,U(S(xm L, xn+1))5(l‘n, Ty Tnt1)-

Since p satisfies the Geraghty condition and S(xy,, Ty, Tp4+1) — 0, the sequence {S(xp, Tn, Tni1)}
converges to 0.
Now,we show that {x,} is a Cauchy sequence. For any m > n, we have

m—1

S(xn, Ty Tm,) < Z S(xk, Th, Thy1)-

k=n

Since S(xg, Tk, Tk+1) — 0, {zy} is Cauchy in the complete S-metric space (X, S), so there exists
u € X such that
Ty = u, ie., S(xp,xn,u) — 0.

By assumption (2) of the theorem, since a(zy,Tp,Zn+1) > 1 for all n and z,, — u, so there
exists a subsequence {z,, } such that

a(xn,, Tn,,uw) > 1, for all k.
As T is continuous, then we have

Tu=T lim z, = lim Tx, = lim 2,41 = u.
n—oo n—oo n—oo

Therefore, u is a fixed point of T'. Also, the sequence {T™¢y} converges to the fixed point u.

Consequently, T has a fixed point © € X and {T"¢y} converges to u.
|

Theorem 6. Let (X, S) be a complete S-metric space and T : X — X be (o, (Q, h), u)— Geraghty
contraction mapping. Assume the following holds:

(1) conditions (1)-(8) in Theorem[4] or conditions (1)-(2) in Theorem[{] holds.

(2) For any two fized points ¢ andy of T', there exists z € X such that a(¢,0,2) > 1, a(y,y,z) > 1.

Then, T has an unique fized point u € X and {T™4y} converges to u.

Proof. According to the Theorem {4 (or Theorem , we obtain that u € X is a fixed point of T'.
Let v € X be another fixed point of 7'. By assumption (2), there exists z € X such that

alu,u,z) > 1, av,v,z) > 1.

Since T' is a-admissible, it follows that for all n € N, we have

a(u,u, T"z) > 1, oa(v,v,T"z) > 1.
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By applying the («, (@, h), u)-Geraghty contraction condition and the fixed point property of u
and v, we get

h(l, S(u,u,T"+lz)) (1, S(TujTu,TT"z))
(a(u, u, T"z), S(Tu, Tu, TT"Z))
Q(u(S(u,u, T"z)), S(u,u, T"z)).

From the properties of the pair (@, ) and g, this implies the following inequality:

h
h

VANVA

S, u, T 2) < u(S(uyu, T"2)) S (u,u, T"2) < S(u,u, T"2).

Thus, the sequence {S(u,u,T™z)} is a non-increasing sequence and is bounded below by 0.
Thus, it converges to some r > 0:

lim S(u,u,T"z) =r.
n—oo

Taking the limit as n — oo in the inequality yields
r < p(r)r.
Since, p satisfies u(t) < 1 for all t > 0 and ©(0) = 1, so, we get
r=0.

Thus,
lim S(u,u,T"z) = 0.

n—oo
This means that:

lim T"z = u.
n—oo

Similarly, by the same manner, we get

lim 7"z = v.
n—oo

Hence, u = v. Consequently, the fixed point of T' is unique and the sequence {T"¢y} converges
to this unique fixed point wu.

4 Corollaries

The pair (@, h) of upper class of type I allows us to derive the following corollaries. Employing a
comparable approach, one can also derive corollaries for Theorem [2] and Theorem

With the selection of functions h(z,y) = 2™y* and Q(s,t) = s™t*, where m,n € NU {0} and
k > 0, we derive the following corollary from Theorem

Corollary. Let (X, S) be a complete S-metric space. Let T : X — X, a: X3 — [0,00), p € ©,
and,

a(z, z,y)"S(Tz, T, T2)* < p(z,y)™ M(z,y)",
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with
M(z, y) = max{S(z,z,y), S(z,z,Tz),S(y,y, Ty)},

where, m,n € NU{0},k > 0.
Also, assume that the following conditions hold:

(i) T is triangular a-admissible mapping.
(ii) There is by € X, such that a({y, o, Tly) > 1.

(iii) T is continuous.

Then, T has a fized point u € X and {T™¢y} converges to u.

By choosing the parameters n = m = k = 1, Corollary [4] gives us the following corollary, which
is referenced in [2].

Corollary. Let (X, S) be a complete S-metric space. Let T : X — X, a: X® — [0,00), u € €,

and,
a(z,z,y)S(Tx, Tz, Ty)) < p(z,y)M(z,y),

with
M(z, y) = max{S(z,z,y),S(x,z,Tx),S(y,y,Ty)}.

Also, assume the following hold:
(i) T is triangular a-admissible mapping.
(ii) There is by € X, such that a({y, o, Tly) > 1.

(iii) T is continuous.

Then, T has a fized point u € X and {T™¢y} converges to u.

With the selection of the function h(z,y) = (y +1)*, where [ > 1 and Q(s,t) = st + 1, we derive
the subsequent corollary from Theorem

Corollary. Let (X, S) be a complete S-metric space. Let T: X — X , a: X? — [0,00), p € ©,

and,
(S(Tw,Tw,Ty) + )@Y < p(x, y)M(z,y) +1,

with
M(z, y) = max{S(z,z,y), S(z,z,Tx), S(y,y,Ty)}.

where | > 1. Also, assume the following hold:
(i) T is triangular a-admissible mapping.

(ii) There is by € X, such that a(ly, o, Tly) > 1.
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(iii) T is continuous.

Then, T has a fized point w € X and {T™y} converges to u.

With the selection of the function h(z,y) = (z + )Y where [ > 0, and Q(s,t) = (1 + 1), we
derive the following corollary in Theorem

Corollary. Let (X, S) be a complete S-metric space. Let T : X — X, a: X3 — [0,00), u € Q, and
(S(Tx, Tz, Ty) + )*@m9) < (14 Dplew)My),
with
M(z, y) = max{S(z,z,y), S(z,z, Tz), S(y,y, Ty)},
where, Il > 0 . Also, assume the following hold:
(i) T is triangular a-admissible mapping.
(ii) There is by € X, such that a(ly, o, Tly) > 1.

(iii) T is continuous.

Then, T has a fized point uw € X and {T™ly} converges to u.

With the selection h(z,y) = %y, where m,n € N, and Q(s,t) = st, we derive the subsequent
corollary from Theorem

Corollary. Let (X,S) be a complete S-metric space. Let T : X — X , a: X3 — [0,00), pu € €,
and
mao(z,z,y) +n

oy BT, T2, Ty)) < plw,y)M(z, y),

with
M(z, y) = max{S(z,x,y),S(x,z,Tz),S(y,y, Ty)},
where, m € N,n € N U{0}. Also, assume the following conditions hold:
(i) T is triangular a-admissible mapping.

(i) There is by € X, such that o(ly, by, Tly) > 1.

(iii) T is continuous.

Then, T has a fized point u € X and {T™¢y} converges to u.

Remark. With the selection of n = 0, we arrive at Corollary {4 which leads us to Corollary

By choosing the parameters n = m = k = 1, Corollary [4] gives us the following corollary, which
is referenced in [2].
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Corollary. Let (X, S) be a complete S-metric space, where X # 0. Let T : X — X , a: X3 —
[0,00), p € Q, and,
(@, x,2)S(Tx, Tz, Tz) < p(S(x, x,y))S(x, ©,y).

Also, assume the following conditions hold:
(i) T is triangular a-admissible mapping.
(i) There is by € X, such that o(ly, by, Tly) > 1.

(iii) T is continuous.

Then, T has a fized point uw € X and {T™ly} converges to u.

Example 6. Let X = [0, +0c0), and consider the mapping S : X3 — [0, +00), defined by S(xz,y, z) =
|z —y| + |y — 2|. Then, (X, S) is a complete S-metric space. Let a: X3 — [0, +00), p : (0, +00) —
[0,1) and the mapping T': X — X, are defined by the following;:

z if €][0,1],
T(x)=4q2 | .
3r — if z>1.

( ) 1 if z,y,2z €10,1],
a(r,y,z) =
Y 0 otherwise.

And, .
2e
wt) = -
It can be easily demonstrated that the T is a-admissible, since, if as(z,y,z) > 1, this implies that
x,y, z are contained in the interval [0, 1]. As a result, we have o(Tz, Ty, Tz) = « (%, 4 i) >1. To
show that T is a («, (Q, h), u)-Geraghty contraction mapping, it suffices to consider the case where
x,y, z are all in the interval [0, 1]. Note that

1 1 1 3
S(T{I,‘,Ty,TZ) = ’T.C[,‘ - Ty’ + ’Ty - TZ’ - Z’x _y’ + Z’y - Z| = ZS(-TJ,Z/,Z> < ZS(w,y,z)

Hence,

a(z,x,2)S(Tx, Tx,Tz) — p(S(z, x,y)) S(x, z,y)

2¢5(:y:2)
S(l’,?,/, Z) —_ WS(Z',:U’ Z)
2¢5(@:y:2)
= 5(0,9.2)(0 - 11 osmyn)
eS(fanzz)
= S(:r,y,Z)(—W) =0

Therefore, T fulfills all the hypotheses of Corollary [4 Consequently, T" has a fixed point, which
isxz=0.
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Remark. In Example [6] without a-admissible condition, we have
S(Tx, Ty, Tz)=|Tx —Ty|+ |Ty —Tz| =3(z —y| + |y — z]) =3 S(z,y,2) > S(z,y, 2).
For all z,y, z € (1,+00), and this is not a contraction.
Example 7. Let X = [1,2], and consider the mapping S, defined by
S(x,y,2) =z —z|+|y—z2|, Vr,y,zeX.

Then, (X, S) is a complete S-metric space. Define the mapping T : X — X, by

3
T(z) = x: . vzell,2].
Then, T maps X into itself and we have:
1+3 243 5
T(1) = % —1, T(2)= % =2 =12¢e12,

Also, T is continuous (linear function). The fixed point u satisfies

u:ul—?) — du=u+3 — 3u=3 — u=1.

Now, we define «a, p, h, @ as follows:
O‘(x>y>z):17 Vr,y,z € X,

so, T' is triangular a-admissible.

t
t) = — t>0
we) = 3, :
h(.ﬁlﬁ',y) = T > 07
Q(s,t) = st.

It can be verified that (@, h) is an upper class of type I.
For xz,y € X, define

M(x,y) = max{S(z,z,y),S(z,xz,Tx),S(y,y,Ty)}.

We see that
S(a,a,b) =2|a—b|.
Thus, we get
S(z,x,y) = 2|z —yl,
3 3
S(z,z,Tx) =2z — Tx| = 2‘1‘— xl_ ‘ = 5\33— 1],
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3
S(y,9,Ty) = 5ly — 1l.
Therefore,

3 3
Mo,y = max {2l =3l 3o - 11,3y - 1

Hence, we have

Tz, Tz, Ty) =2|Tx —Ty| =2

:U—|—3_y+3‘_ |z — y|

The left side of the contraction condition is given by:

STz, Tz, Ty) _ |z —yl

h(a(z,z,y),S(Tz, Tz, Ty)) = h(1,S(Tz, Tz, Ty)) =

1 2
The right side is given by:
T 2. 0)2
Q(,U(M(l', y)): M(:L’, y)) = ,U(M(ZC, y)) . M(:C, y) = M(2 ! Z/) M($, y) _ M( 27 y)

Thus, the contraction condition is

_ M 2
2o MEDT ey < M)
Thus, the condition of Theorem [1|is satified. Therefore, there exists o = 1 € X such that

Oé(fo,fo,Tfo) = a(l, 1, 1) =1 > 1.

The unique fixed point is
u=1#0.

For any initial ¢y € X, the iteration satisfies
" 1 1

Consequently, The mapping

on the complete S-metric space ([1,2],S), with
S(l‘,y,Z) = |£L’*Z’ + |y—z|,

satisfies all assumptions of Theorem (I} has a fixed point v = 1, and is not a Banach contraction
with respect to S, but satisfies the («, (Q, h), p)-generalized Geraghty contraction condition.
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Example 8. Let X = [1, 3] and define
S(m,y,z):|z—z|+\y—z|, any,ZGX-

Then, S satisfies the conditions of an S-metric and that (X, 5) is complete.
Now, we the mapping T': X — X by

T(z) = {1, if x € [1,2),

o3 i x e [2,3].

Thus, T is not continuous at z = 2.
Define the function o : X3 — [0, 00) as follows:

1, ifz,y,z€(l,2],

a(x,y,z) =
(@y,2) {0, otherwise.
Also, we define p, h, @ as follows:

t
) =5 by =2 a>0, Qst)=st.

Then, the pair (Q, h) is an upper class of type I, and p € Q.
Here, we show the property of the («, (Q, h), u)-generalized Geraghty contraction. Recall that

S(a,a,b) = 2|a—1|.
For z,y € X, set
M(x,y) = max {S(l‘, x,y),S(x,x,Tx), S(y,y,Ty)}.
Then, if z,y € [1,2], then T'(xz) =T (y) =1, so
S(Tx,Tx,Ty) =0,
and the contraction condition
Wa(z, z,y), S(Tx, T, Ty)) < Q(u(M(x,y)), M(x, y))

holds , since h(1,0) = 0.
If z,y € [2, 3], the contraction condition holds similarly as we proved in the previous example.
If x € [1,2) and y € [2, 3], then a(x,z,y) = 0, making the contraction condition true.
We see that T is triangular a-admissible. There exists £y = 1.5 € [1, 2] such that

a(lo, by, Tly) = o(1.5,1.5,1) =1 > 1.

If {¢,} is a sequence in X with a(4,, ¥y, ly1) > 1 for all n, then ¢, € [1,2]. If £, — ¢, then there
exists a subsequence {/,, } such that

a(lp,, by, 0) > 1,
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since the limit ¢ € [1,2].

Note that T' is not continuous, so this example does not satisfy Theorem [I] but satisfies the
conditions of Theorem

The fixed point u satisfies the following identity:

u="T(u).
For u € [1,2], T'(u) = 1, so the fixed point is u = 1 and for u € [2, 3], we have

3
u:ul_ — Ju=u+3 = u=1,

which is not in [2,3]. Thus, the unique fixed point is u = 1.
Also, iterations starting from any £y € X converge to 1:

T"(ly) — 1.
Example 9. Let X = [2,5], and define
S(z,y,z) = max{|z — z|, |y — z|}.

Then, X is a complete S-metric space.
We define the mapping 7' : X — X as follows:

x
T(z) =2+ .
(2) =2+ 3
Note that, T(X) C 2+ 2,2+ 3] =[5, Y] C X.
T is continuous but is not a Banach contraction with respect to S.
Define a : X3 — [0, 00) by

a(z,y,z) =

{1, if z,y, 2 € 2,3],

0, otherwise.
« is triangular a-admissible on [2, 3].
Now, we define u, h, @ as follows:

t b
p) =5 hab) =", a>0, Qst)=st

Then, (@, h) is an upper class of type I, and p € €.
For z,y € X, we have

S(z,z,y) = max{|z — y|,|z —y|} = [z — y|.
And

S(Tx, Tx,Ty) = max |Tx — Ty| :maXP‘l‘g— (2+%)‘ - ’:U;m

For x,y € [2,3], we have a(z,z,y) = 1, so we get
S(T$7T"B7Ty) _ ‘ZE — y‘

h Tx,Tx,Ty)) =
(a(2,9), (T, T, Ty)) = = 25 3
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On the other hand,

|z —yl|?

Qu(S(a..9). S(w.x.)) = pllz — yl) | — g = 2 oy = 12

4

For small enough |z — y|, the following inequality holds:

o=yl ey
3~ 4

for |z —y| > %, so the contraction condition holds in a suitable neighborhood.

By solving u = T'(u), we get
u:2—{—% — 3u=6+u = 2u=6.

Thus, the fixed point is u = 3 which belongs to X.
We can write (2,2,7(2)) = (2,2,2+ 2) = ®(2,2,2.666...) =1 > 1. Also, T is continuous,

and « is triangular a-admissible.

5

Therefore, by Theorem {4 7" has a unique fixed point 3, and {T"¢y} converges to it.

Conclusion

In this paper, we introduce two new types of Geraghty contraction mappings on S-metric spaces.
We study certain contraction mappings in S-metric spaces and provide the necessary conditions for
the existence of fixed point theorems in these spaces. Furthermore, we present new results along
with illustrative examples to support our findings.
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