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Abstract

Abstract: The goal of this short note is to show that the main result of M. Aslantas [M.
Aslantas, Finding a solution to an optimization problem and an application, J. Optim. Theory
Appl., 194, 121-141 (2022)] which is related to existence of best proximity points for multivalued
non-self mappings in the setting of partial metric spaces is a particular conclusion of a fixed point
theorem due to J. Ahmed et al. [J. Ahmad, A, Azam and M, Arshad, Fixed points of multivalued
mappings in partial metric spaces, Fixed Point Theory Appl., 2013:316].
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1 Introduction and Preliminaries

Let T be a nonempty set and o : T x T — [0,00) be a function. Then the function o is called a
partial metric on T provided that

(i) o(u,u) = o(v,v) = o(u,v) & u =1,
(i) o(u,u) < o(u,v),
(ii)) o(u,v) = o(v, u),
(iv) o(u,v) < o(u,w) + o(w,v) — o(w,w),

for any u,v,w € T. In this case, we say that the pair (T, o) is a partial metric space.
Let (T, 0) be a partial metric space and define d, : T x T — [0, 00) with

do(u,v) :=20(u,v) — o(u,u) — o(v,v),

for any u,v € Y. Then (T,d,) is a metric space.
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Also, each partial metric o on T generates a Ty topology 7, on T with a base of the family of
open o-balls

{Na(u, r):u€ Y, r> 0},

where Ny (u,7) :={v e Y :0(u,v) <r+o(u,u)}.

Let (Y,0) be a partial metric space and {u,} be a sequence in Y. Then the sequence {u,} is
said to be convergent to an element p € Y whenever lim,_,o 0(un,u) — o(u,u). Moreover, the
sequence {u,} is called a Cauchy sequence provided that lim,, 00 0(tn, ) exists and is finite.
We say that the partial metric space (Y, o) is complete if every Cauchy sequence in T converges to
an element of Y.

A sequence {u,} is called 0-Cauchy sequence if lim, 00 0(Um,un) = 0. Also, a partial metric
space (v,0) is called O-complete partial metric space if every 0-Cauchy sequence converges to a
point w € T w.r.t. 7, such that

lm o (um,u,) = o(u,u) = 0.
m,n— o0
Clearly, every complete partial metric space is a 0-complete partial metric space, but the reverse
may not be hold, necessarily.

Throughout this paper the set of all nonempty, bounded and closed subset of a partial metric
space (Y, o) is denoted by CB?(T). The partial Hausdorff metric on CB?(7Y) is defined with

H,(U,V):= max{ sgga(u, V),Slel‘BU(U,U)}, VU,V eCB°(Y),

where o(u, V) = inf{o(u,v) : v € V}. We refer to [I] for more information about the properties of
Hausdorff metric spaces.

Notation. A class of all functions p : [0,00) — [0, 1) which satisfy the condition limsup,_, .+ u(t) <
1 for all s > 0 will be denoted by ®.
The following fixed point theorem was proved in [2].

Theorem 1.1. (see Theorem 13 of [2]) Let (Y,0) be a complete partial metric space and S : T —
CB?(Y) be a multivalued mapping such that

HO'(le)SxQ) < [L(O'(ﬂfl,l’g))(f(&?l,SCQ), v.’El,IEQ € Tu
where p € ®. Then S has a fized point.

Remark 1.2. It is worth noticing that in [3] Romaguera gave an example showing that, in a partial
metric space (1, 0), the set CB?(Y) may be empty. To address this problem, he introduced the
notion of a mized multivalued mapping S : T — T U CB?(Y) on a partial metric space (T,0).
According to this new approach either S(x) is a singleton, i.e. |S(z)| =1, or S(z) € CB?(Y) for all
x € T. In this case, for any subset A of v, the image of A under the mixed multivalued mapping 5
is defined as

S(4) =] S(a).

€A

The non-self version of mixed multivalued contractions was considered in [4] as below.
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Definition 1.3. Let (Y,0) be a partial metric space and U,V be nonempty subsets of T. A
mapping 7' : U — VUCB?(V) is said to be a mixed multivalued non-self MT-contraction provided
that there exists p € ® such that

Hy(Tuy, Tug) < ,l,L(O'(’LLl,’LLQ))O'(U]_,UQ), Yui,ug € U.

Now assume the U and V' are two nonempty subsets of a partial metric space (Y, o) such that
UNV =0and T : U — CB?(V) is a multivalued non-self mapping. In this case the fixed point
problem u € Tu does not have a solution. In this situation, a point u* € U is said to be a best
proximity point of T if

o', Tu*) = o(U,V) = inf {o(u,v) : (u,v) € ux V}.

Just recently in [4], Theorem was generalized to non-self mappings in order to study the
existence of best proximity points. Before stating the main conclusion of [4] we recall the following
notions.

For a nonempty pair (U, V') of subsets of a partial metric space (T, 0) we set

Up:={ueU:o(u,v)=0(U,V), forsomeveV},
Vo = {v eV:o(u,v) =0(U,V), forsomeucéc U}.

Definition 1.4. Let (Y, o) be a partial metric space and U,V be two nonempty subsets of T such
that Uy # (). The pair (U, V) is said to have weak P*-property whenever

{a(ul,m) =o(U,V),

= o(u,u2) < o(vy,v2),
rlus,vn) = oU,y), )=o)

for all uy # us € Up and vy, v € V).

Here, we state the main result of [4].

Theorem 1.5. (see Theorem 3.1 of [4]) Let (Y, o) be a 0-complete partial metric space and U,V be
two nonempty closed subsets of T w.r.t. 7o such that Uy # O and (U, V') has the weak P*-property.
Assume that T : U — VU CB?(V) is a mized multivalued non-self MT-contraction satisfying
T(Uy) € Vy. Then T has a best proxzimity point u* € U.

The main purpose of this article is to show that Theorem [I.5 is a particular case of Theorem
and so the results of [4] cannot be considered as extensions of fixed point theory.

2 Main Results

Theorem 2.1. Theorem[1.5] is a straightforward consequence of Theorem [I.]]

Proof. Note that if U NV # () Then by Theorem T has a fixed point in U NV and we are
finished. So assume that U NV = (). Define the function d : T x T — [0, 00) with

d(u,v) — {U(U7U), if wu 7& v;

0, if u=w.
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From Propositions 4.8.8 and 4.8.10 of [5] (T, o) is O-complete if and only if (T,d) is a complete
metric space and 74, C 74. Since U NV = (), for any (u,v) € U x V we have

o(u,v) =d(u,v), ou,V)=d(u,V):=inf{d(u,v):v eV},
o(U,V)=d(U,V) := inf{d(u,v) : (u, U) eUxV}.

We now organize the proof by the following steps:
& The set Uy is nonempty and closed w.r.t. metric d.
Proof. 1t is sufficient to note that

Fj{ueU duV)<d(U,V)+%}.

In this situation, Uy is complete w.r.t. d and so is 0-complete.
& A multivalued mapping S : Uy — Uy U CBY(Uy) defined by

S():={ueUy: FveT(x); dlu,T(z)) =d(u,v) =d(U,V)}, VazeU,

is a mized multivalued MT-contraction.
Proof. At first assume that x € Uy. Since T'(Uy) C Vp, we have Tx C Vp. By the fact that Tz # (),
we can consider an element v € T'z. Thus there exists a point u € Uy for which d(u,v) = d(U, V)
and so,

d(u,Tz) < d(u,v) =d(U,V) < d(u,Tz),

which ensures that u € S(z) and hence S(x) # (. Let ¢ > 0 be given and z,y € Up. By the
definition of S, for u € S(x) there is a point w € T'(z) such that d(u,w) = d(U, V). Since H, is a
partial Hausdorff metric based on the partial metric o, there is an element z € T'(y) such that

o(w,z) < Hy(T(x), T(y)) +¢, (1)

Again, by definition of the mapping S, there is a point v € S(y) such that d(v,z) = d(U,V). In
view of the fact that (U, V') has the weak P*-property,

o(u,v) < o(w,2). (2)
It now follows from (1) and (2) that for each z,y € Uy and u € S(x) there exists v € S(y) for which
o(u,v) < Hy (T(2), T(y)) + = 3)
Since € > 0 is arbitrary and by the definition of H,, we conclude
H, (S(2), 5()) < Ho(T(@), T(w).

Because T satisfies

Hy(T(z), T(y)) < p(o(x,y))o(z,y),
by (3) we obtain

Hy (S(2),8(y)) < p(o(z,y))o(z,y),

where p € ®, that is, S is a mixed multivalued MT-contraction.
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Since S satisfies all of the conditions of Theorem it has a fixed point ¢ € Uy, that is, ¢ € S(q).
Again using the definition of S we obtain

0(¢,T(q)) =d(q,T(q)) = d(U,V) = o(U, V),

and so ¢ is a best proximity point of 7T'.

3 Conclusion

We employed a new approach to the existence of best proximity points for a class of multivalued
non-self contractions and discussed on the results of [4] by considering the corresponding fixed point
theorems in [2].

Acknowledgments. The authors would like to thank the anonymous referees and the Editor for
their valuable comments and suggestions.

References

[1] Aydi, H., Abbas, M., Vetro, C. (2012). Partial Hausdorff metric and Nadler’s fixed point theorem
on partial metric spaces. Topology Appl., (159), 3234-3242.

[2] Ahmad, J., Azam, A., Arshad, M. (2013). Fixed points of multivalued mappings in partial metric
spaces. Fized Point Theory Appl., (2013), 316, 1-9.

[3] Romaguera S. (2013). On Nadler’s fixed point theorem for partial metric spaces. Math. Sci.
Appl. E-Notes, (1), 1-8.

[4] Aslantas, M. (2022). Finding a solution to an optimization problem and an application. J. Optim.
Theory Appl., (194), 121-141.

[5] Hitzler, p., Seda, A. (2011). Mathematical Aspects of Logic Programming Semantics. Chapman
& Hall/CRC Studies in Informatic Series, CRC Press.

21



	Introduction and Preliminaries
	Main Results
	Conclusion

