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Abstract

Abstract: This paper presents a polynomial-based reproducing kernel method (RKM) for ap-
proximating solutions to two-point boundary value problems. The approach constructs a kernel
function using shifted Chebyshev polynomials, yielding solutions in the form of a truncated
series. A key contribution is mitigating the dependence of convergence on dense nodal dis-
cretization—a common limitation in traditional RKMs. Numerical results demonstrate that the
proposed method achieves comparable or superior accuracy with fewer nodes, significantly low-
ering computational costs.
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1 Introduction

The concept of reproducing kernel methods (RKMs) was first introduced by S. Zaremba in the
early 20th century, originally applied to boundary value problems involving harmonic and bihar-
monic functions [1]. Since then, RKMs have been employed in a wide range of mathematical and
computational contexts, including ordinary differential equations [14, 16, 17, 23, 24, 25], boundary
value problems [36], and partial differential equations [7, 8, 9, 12, 26, 27, 28, 29, 30, 31, 32, 33, 34, 37],
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integral and integro-differential equations [10, 12, 33, 34], and various classes of nonlinear and sin-
gular boundary value problems [2, 4, 5, 6, 15, 16, 17, 18, 19, 20]. Beyond traditional applications,
they have also found use in areas such as nonlinear analysis [3] and machine learning [13]. Despite
their broad utility, classical RKMs often rely heavily on increasing the number of nodal points to
ensure convergence, which can lead to numerical instability and high computational cost due to
repeated orthogonalization steps. In this work, we aim to mitigate this limitation by introducing a
novel approach that constructs a reproducing kernel based on shifted Chebyshev polynomials. This
construction not only adheres to the necessary boundary conditions but also yields a more stable
and efficient solution framework. The structure of the present paper is organized as follows. In
the following section, we review the reproducing kernel methods. In Section 3, we will introduce
a proper closed form of orthonormal basis functions that independently satisfy the homogeneous
boundary conditions on [a, b] and a polynomial reproducing kernel function. Section 4 introduces
our method as a Chebyshev reproducing kernel method (C-RKM). We show that C-RKM does
not need a dense sequence of nodal points. Examples, including singular problem, singularly per-
turbed problem and singularly perturbed problem with an interior layer are given to illustrate the
applicability and accuracy in Section 5. We end the paper with a few conclusions in Section 6.

2 A glance at reproducing kernel method

The implementation of the reproducing kernel method (RKM) for solving differential equations
typically involves four main steps:

Step 1, Selecting an appropriate solution space is crucial, as an ill-suited space may hinder the
ability to find an accurate solution.

Step 2, Constructing the reproducing kernel function, which is usually obtained by solving a
boundary value problem, followed by solving a corresponding linear system.

Step 3, Generating an orthonormal basis for the solution space. This involves using the re-
producing kernel, applying the boundary operator, choosing a sufficiently dense sequence of nodal
points, and executing a Gram-Schmidt orthogonalization procedure.

Step 4, Representing the exact solution as an infinite sum of the orthonormal basis functions
obtained in the previous step. For practical computations, this series is truncated after N terms to
yield an approximate solution.

3 Basis functions and polynomial reproducing kernel function

3.1 Basis functions

The shifted Chebyshev polynomials of the first kind, defined on a general interval [a, b], can be
generated using the following recurrence relations:

T0(x) = 1, T1(x) =
2x− (a+ b)

b− a
,

Tn(x) = 2(
2x− (a+ b)

b− a
)Tn−1(x)− Tn−2(x), n = 2, 3, . . . .
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The orthogonality condition is

⟨Tn, Tm⟩ =
∫ b

a
w[a,b](x)Tn(x)Tm(x) dx =


0, n ̸= m,

(b−a)π
2 , n = m = 0,

(b−a)π
4 , n = m ̸= 0,

(1)

where

w[a,b](x) =
1√

1− (2x−a−b
b−a )2

. (2)

In solving the boundary value problems, the practical use of those basis functions can be useful
that, independently, satisfy the boundary conditions. So we have to construct Chebyshev basis
functions that independently satisfy the homogeneous boundary conditions conditions such as

u(a) = u(b) = 0. (3)

Lemma 3.1. [21] The functions defined by

φn(x) =

{
Tn(x)− T0(x), for even n,
Tn(x)− T1(x), for odd n,

n ≥ 2, (4)

have the property
φn(a) = φn(b) = 0, for all n,

and for the functions space satisfying the boundary conditions (3), the basis functions defined by (4)
are complete.

Proposition 3.2. Applying Gram-Schmidt process to {φn}∞n=2, by inner product (1), we obtain an
orthonormal basis {hn}∞n=2 of functions on [a, b] that satisfy the boundary conditions (3). It can be
shown that hi, for i = 2, 3, . . . , has the following closed form

hi(x) = 2

√
(i− 1)

(i+ 1)(b− a)π

 Ti(x)− 2
i−1

∑ i−2
2

k=1 T2k(x)−
1

i−1 , for even i,

Ti(x)− 2
i−1

∑ i−1
2

k=1 T2k−1(x), for odd i.
(5)

Proof. Use Lemma 3.1 and induction on i.

3.2 Polynomial reproducing kernel function

Definition 3.3. [2] For a nonempty set X , let (H, ⟨., .⟩H) be a Hilbert space of real-valued functions
on some set X . A function R : X × X −→ R is said to be the reproducing kernel function of H if
and only if

1. R(x, .) ∈ H, ∀x ∈ X ,

2. ⟨φ(.), R(x, .)⟩H = φ(x), ∀φ ∈ H, ∀x ∈ X (reproducing property).

Also, a Hilbert space of functions (H, ⟨., .⟩H) that possesses a reproducing kernel R is a reproducing
kernel Hilbert space (RKHS); we denote it by (H, ⟨., .⟩H, R). In the following, we often denote by
Ry the function R(y, .) : t 7−→ R(y, t).
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Theorem 3.4. [35] Every finite-dimensional inner product space is complete. Let M be a finite-
dimensional subspace of the inner product space V then:

1. Each bounded sequence in M has a subsequence that converges to a point in M ;

2. M is closed;

3. M is complete;

4. Suppose {e1, e2, . . . , en} is a basis for M , gk =
∑n

i=1 αkiyi, and g =
∑n

1 αiei. Then gk → g if
and only if αki → αi for i = 1, 2, . . . , n.

Theorem 3.5. [2] If H is an n-dimensional Hilbert space, {ei}ni=1 is the orthonormal basis when
x ∈ X and X is an abstract set, then for any fixed y ∈ X,

Ry(x) =

n∑
i=1

ei(x)ēi(y), (6)

is the reproducing kernel function of H.

Let Πm
w [a, b] denotes the weighted inner product space of polynomials on [a, b] with real coeffi-

cients and degree less than or equal to m with inner product,

⟨u, v⟩Πm
w
=

∫ b

a
w[a,b](x)u(x)v(x)dx, ∀u, v ∈ Πm

w [a, b],

where w[a,b](x) is defined by Eq. (2), and norm

||u||Πm
w
=

√
⟨u, u⟩Πm

w
, ∀u ∈ Πm

w [a, b].

Theorem 3.6. The function space Πm
w [a, b], by its inner product and norm (mentioned above), is

a reproducing kernel Hilbert space.

Proof. It is clear that Πm
w [a, b] is an (m+ 1)-dimensional inner product space, so by Theorems

3.4 and 3.5, Πm
w [a, b] is a RKHS.

Theorem 3.7. [2] Let {un}∞n=1 be a sequence of approximate solution to u ∈ Πm
w [a, b]. If {un}∞n=1

converges to u in the sense of ||.||Πm
w
, then {un}∞n=1 converges to u uniformly.

For the practical use of the RKM method, it is necessary to define a closed subspace of Πm
w [a, b]

by imposing required homogeneous boundary conditions on it.

Definition 3.8. Let
oΠm

w [a, b] = {u | u ∈ Πm
w [a, b], u(a) = u(b) = 0},

so similar to the proof of Theorem 3.6 by using Eq.(4), we can prove that the function space oΠm
w [a, b]

is a reproducing kernel Hilbert space.
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According to the Theorem 3.5 and Proposition 3.2, The polynomial reproducing kernel function
Rm

y (x) of oΠm
w [a, b] has the expression:

Rm
y (x) =

m∑
i=2

hi(x)hi(y). (7)

Eq. (7) shows that the polynomial reproducing kernel function Rm
y (x) not only can easily be

constructed by a finite sum of basis functions, also reproducing kernel Hilbert space Πm
w [a, b] can

be updated by increasing m.

Theorem 3.9. [2] The reproducing kernel space oΠm
w [a, b] is a closed subspace of Πm

w [a, b].

4 The Chebyshev-reproducing kernel method (C-RKM)

4.1 Representation of exact solution in oΠm
w [a, b]

Here, we develop a polynomial reproducing kernel method for solving the following two point bound-
ary value problem in oΠm

w [a, b]

p(x)u′′ + q(x)u′ + r(x)u = f(x), a ≤ x ≤ b,

subject to boundary conditions
u(a) = α, u(b) = β,

where p(x), q(x), r(x) ∈ C(a, b) and f(x) ∈ L2
w[a, b] are sufficiently regular given functions and α, β

are finite constants. We assume that the solution of the problem exists and is unique. Also, let the
problem, after homogenization can be transformed into the following form:{

(Lu)(x) = f(x), a ≤ x ≤ b,
u(a) = u(b) = 0,

(8)

where
L :o Πm

w [a, b] −→ L2
w[a, b],

is a bounded linear operator. We shall give the representation of analytical solution of Eq. (8) in
the space oΠm

w [a, b]. Let Rm
y (x) be the polynomial reproducing kernel function of oΠm

w [a, b]. For any
fixed xi ∈ [a, b], put

ψm
i (x) = LyR

m
y (x)|y=xi , (9)

where the subscript y in the operator L indicates that the operator L applies to the function y.

Theorem 4.1. Let {xi}m−2
i=0 be any (m− 1)-distinct points in the interval (a, b), then {ψm

i }m−2
i=0 is

a basis for oΠm
w [a, b].

Proof. For each fixed u ∈ oΠm
w [a, b], let

⟨u(.), ψm
i (.)⟩oΠm

w
= 0, i = 0, 1, . . . ,m− 2,

which means that for i = 0, 1, 2, . . . ,m− 2,

0 = ⟨u(.),LyR
m
y (.)|y=xi⟩oΠm

w
= Ly⟨u(.), Rm

y (.)⟩oΠm
w
|y=xi = Lu(xi).
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So from the existence of L−1,

u(xi) = 0, i = 0, 1, 2, . . . ,m− 2.

Since u(a) = u(b) = 0 then u ≡ 0. Therefore, {ψm
i }m−2

i=0 is a complete system for oΠm
w [a, b].

Theorem 4.1 shows that, in our method (C-RKM), use of a finite sequence of nodal points is
sufficient. So, implementation of C-RKM for solving problems does not need a dense sequence of
nodal points.

The orthonormal system {ψ̄m
i }m−2

i=0 of oΠm
w [a, b] can be deduced from Gram-Schmidt orthogo-

nalization process using {ψm
i }m−2

i=0 ,

ψ̄m
i (x) =

i∑
k=0

βmikψ
m
k (x),

where βmik are orthogonalization coefficients.

Theorem 4.2. Suppose that um is the unique exact solution of Eq. (8) in oΠm
w [a, b]. Let {xi}m−2

i=0

be any (m− 1)-distinct points in (a, b), then

um(x) =
m−2∑
i=0

i∑
k=0

βmikf(xk)ψ̄
m
i (x). (10)

Proof. Since um ∈ oΠm
w [a, b] then by Theorem 4.1 we have

um(x) =

m−2∑
i=0

⟨um(.), ψ̄m
i (.)⟩oΠm

w
ψ̄m
i (x) =

m−2∑
i=0

⟨um(.),

i∑
k=0

βmikψ
m
k (.)⟩oΠm

w
ψ̄m
i (x)

=

m−2∑
i=0

i∑
k=0

βmik⟨um(.), ψm
k (.)⟩oΠm

w
ψ̄m
i (x) =

m−2∑
i=0

i∑
k=0

βmik⟨um(.),LyR
m
y (.)⟩oΠm

w
|y=xk

ψ̄m
i (x)

=
m−2∑
i=0

i∑
k=0

βmikLy⟨um(.), Rm
y (.)⟩oΠm

w
|y=xk

ψ̄m
i (x) =

m−2∑
i=0

i∑
k=0

βmikLyum(y)|y=xk
ψ̄m
i (x)

=
m−2∑
i=0

i∑
k=0

βmikf(xk)ψ̄
m
i (x).

4.2 Convergence analysis in oL2
w[a, b]

Let in Eq. (8), L :o L2
w[a, b] −→ L2

w[a, b], be a bounded linear operator where

oL2
w[a, b] = {u | u ∈ L2

w[a, b], u(a) = u(b) = 0}.

We assume that for any integer m > 1, {xi}m−2
i=0 be any (m − 1)-distinct points in (a, b). Let

u(x) ∈oL2
w[a, b] and um(x) ∈ oΠm

w [a, b] be the exact and approximate solutions of the problem. We
discuss the convergence of the approximate solutions constructed in 10.

6
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Theorem 4.3. If u ∈ oL2
w[a, b] and um ∈ oΠm

w [a, b] is the approximate of u then

||um − u||oL2
w
−→ 0, m −→ ∞.

Moreover the sequence ||um − u||oL2
w
is monotonically decreasing in m.

Proof. From Lemma 3.1, Preposition 3.2 and Eq. (9), it follows that

u(x) =

∞∑
i=2

⟨u, hi⟩oL2
w
hi(x),

and for any integer m,

⟨hj , ψm
i ⟩oL2

w
= 0, i = 0, 1, . . . ,m− 2, j = m+ 1,m+ 2, . . . .

Because

⟨hj , ψm
i ⟩oL2

w
= ⟨hj(.),LyRm

y (.)|y=xi⟩oL2
w
= ⟨hj(.),

m∑
k=2

hk(.)Lyhk(y)|y=xi⟩oL2
w

=
m∑
k=2

⟨hj(.), hk(.)⟩oL2
w
Lyhk(y)|y=xi = 0, j = m+ 1,m+ 2, . . . .

Let

Ψ⊥
m = Span{hi}∞i=m+1.

So

u− um ∈ Ψ⊥
m,

and we have

||u− um||oL2
w
= ||

∞∑
i=m+1

⟨u− um, hi⟩oL2
w
hi||oL2

w
.

Thus

||um − u||oL2
w
−→ 0, m −→ ∞.

In addition

||u− um||2oL2
w
= ||

∞∑
i=m+1

⟨u− um, hi⟩oL2
w
hi||2oL2

w

=
∞∑

i=m+1

(⟨u− um, hi⟩oL2
w
)2.

Clearly, ||um − u||oL2
w
is monotonically decreasing in m.

7
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5 Numerical examples

In this section, we present several numerical experiments to evaluate the performance and accu-
racy of the proposed Chebyshev-based Reproducing Kernel Method (C-RKM). Comparisons are
made with the classical RKM approach as reported in the literature. All numerical computations
were carried out using Mathematica 10. The results demonstrate that C-RKM provides highly
accurate solutions while requiring significantly fewer nodal points. This directly leads to reduced
computational effort, especially in problems with singularities or sharp boundary/internal layers.
Considering two-point boundary value problem{

p(x)u′′(x) + 1
q(x)u

′(x) + 1
r(x)u(x) = f(x), x ∈ [a, b],

u(a) = α, u(b) = β,
(11)

where p(x), q(x) ∈ C(a, b) and q(a)q(b) = 0 or r(a)r(b) = 0, r(x), f(x) are sufficiently regular given
functions and α, β are finite constants. After homogenization of boundary conditions, Eq. (11) can
be transformed into the Eq. (8).

Example 5.1. [2] In Eq. (11), taking p(x) = 1, q(x) = xe
1
x , r(x) = e

1
x , α = β = 0, f(x) =

4e3x

x (−1+x2+x3+2xe
1
x (−1+2x+2x2)), the exact solution is u(x) = 4x(1−x)e2x. This example is

a singular boundary value problem on [0, 1]. This class of problems arises very frequently in various
fields of physics and engineering sciences, such as fluid mechanics, fluid dynamics, elasticity, reaction-
diffusion process, chemical kinetics, and other branches of applied mathematics [2]. We compare

numerical results of C-RKM and RKM [2] in Table 1 with a = 0, b = 1, xi = cos( (2i+1)π
2(m−1) ), i =

0, . . . ,m− 2, m = 11.

Example 5.2. [14] In Eq.(11), taking p(x) = 1, q(x) =
√
x, r(x) = x, α = β = 0, f(x) =

(2
√
x+x−4x

√
x−x2)cos(x)−(−1+

√
x+2x+2x

√
x−x2√x)sin(x)√

x
, the exact solution is u(x) = (x − x2)sin(x).

This example is another singularly boundary value problem on [0, 1]. The numerical results of this

problem are given in Table 2 with a = 0, b = 1, xi = cos( (2i+1)π
2(m−1) ), i = 0, . . . ,m− 2, m = 6, 7, 8, 9.

Example 5.3. [2] In Eq.(11), taking p(x) = 2−10, q(x) = x, r(x) = 1
1+x2 , α = β = 0, f(x) =

1
512xe

x2
(1537 + 514x2) + ex(−1 − 1025x

1024 − x3) , the exact solution is u(x) = ex
2 − ex. This ex-

ample is a singularly perturbed two point singular boundary value problem on [0, 1]. A family of
such problems are generally encountered in fluid and quantum mechanics , aerodynamics , reac-
tion–diffusion process, optimal control, geophysics, chemical-reactor theory, etc. We present the
numerical results of our C-RKM method and ordinary RKM (conventional method [2]) in Table 3

with a = 0, b = 1, xi = cos( (2i+1)π
2(m−1) ), i = 0, . . . ,m− 2, m = 2, 3, . . . , 10. and Table 4, respectively.

Example 5.4. [18] Considering the following problem{
εu′′(x) + xu′(x)− u(x) = 0, −1 < x < 1,
u(−1) = 1, u(1) = 2.

(12)

This problem has an internal layer of width O(
√
ε). The exact solution is

u(x) =
2
√
ε(x+ 3e−

x2−1
2ε ) + e

1
2ε

√
2πx erf( 1√

2
√
ε
) + 3e

1
2ε

√
2πx erf( x√

2
√
ε
)

2e
1
2ε

√
2π erf( 1√

2
√
ε
) + 4

√
ε

.

8
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Node Exact RKM C-RKM Absolute error
u(x) u200(x)[2] u10(x) RKM C-RKM

1
200 0.0201000 0.0201008 0.0201000 8.0E-07 0.0
17
200 0.3687483 0.368761 0.368748 1.27E-05 3.0E-07
33
200 0.7665625 0.766585 0.766562 2.25E-05 5.0E-07
49
200 1.207751 1.20778 1.20775 2.9E-05 1.0E-06
65
200 1.680887 1.68092 1.68089 3.3E-05 3.0E-06
81
200 2.166759 2.16679 2.16676 3.1E-05 1.0E-06
97
200 2.635570 2.6356 2.63557 3.0E-05 0.0
113
200 3.043340 3.04337 3.04334 3.0E-05 0.0
129
200 3.327269 3.32729 3.32727 2.1E-05 1.0E-06
145
200 3.399834 3.39985 3.39983 1.6E-05 4.0E-06
161
200 3.141265 3.14127 3.14127 5.0E-06 5.0E-06
177
200 2.390024 2.39002 2.39002 4.0E-06 4.0E-06
193
200 0.9307728 0.930762 0.930773 1.08E-05 2.0E-07

Table 1: Numerical results for Example 5.1 .

These problems arise frequently in other field of science such as oceanic and atmospheric circulation,
chemical reactions, geophysical fluid dynamics, optimal control, etc. In these problems, there exists
a small parameter that multiplies the highest order derivative and a boundary or interior layer
where the solutions change rapidly [18]. The numerical results are given in Table 5 with xi =

cos( (2i+1)π
2(m−1) ), i = 0, . . . ,m− 2, m = 13.

Table 1 indicate that C-RKM is able to solve this example with only 10 nodal points (only
10 times the Gram-Schmidt process). C-RKM also achieves much higher precision (up to 100
times higher in some nodes). Note that, the precision of the conventional method(RKM) has been
obtained by applying 200 nodal points. It means that by using 200 times the Gram-Schmidt process
has been achieved. applying only 10 times the Gram-Schmidt process in C-RKM instead of 200
times in RKM shows that, the required computational time to achieve the desired accuracy reduced
significantly. The absolute error of C-RKM for u10(x) is shown in Fig. 1. Table 2 shows that the our
approximate solutions, with only 8 nodal points are more accurate than the results of the [14] with
103 nodal points. Also, it can easily be seen that an increment in m from 5 to 8 can improve the
accuracy of the solutions up to 103 times. Such speed of convergence cannot be seen in [14]. This
suggests that sole dependence of convergence of C-RKM on number of sample points is dropped.
The absolute error of C-RKM with different values of m is shown in Fig. 2. Rapid decline absolute
error by increasing m can easily be seen in this figure.

Numerical results presented in Table 3 and Fig. 3 show that, firstly, RMS error decreases as
the number of points increases. Secondly, with the addition of just one nodal point, the error is

9
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Figure 1: Absolute error of u10(x) for the Example 1.

Node m = 6 m = 7 m = 8 m = 9 u103(x)[14]

0.001 1.15768E-8 2.99683E-11 2.49249E-10 7.45715E-12 7.9E-13

0.08 6.51033E-7 8.11139E-9 3.31238E-7 2.10122E-9 5.1E-07

0.16 1.56331E-6 7.09387E-8 2.60434E-7 8.21754E-11 2.1E-06

0.32 6.61056E-6 3.90951E-8 3.88679E-7 1.11810E-9 7.8E-06

0.48 5.41480E-7 1.27819E-7 2.16129E-7 1.144810E-9 1.4E-05

0.64 8.11503E-6 4.77257E-8 5.03970E-7 3.03362E-10 1.7E-05

0.80 2.59482E-6 1.24804E-7 1.04487E-7 3.91390E-9 1.4E-05

0.96 7.98685E-7 1.82312E-8 4.12686E-8 7.47708E-10 3.9E-06

1.00 0 0 0 0 0

CPU Time(s) 1.778 3.915 8.268 18.097

Table 2: Absolute Error |u(x)− um−1(x)| and CPU Time for Example 5.2 .

Figure 2: Absolute error for the Example 2, with different values of m.

10
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m Number of RMS Error CPU Time
xi C-RKM (s)

2 1 5.87745E-1 0.0

3 2 4.18245E-2 0.047

4 3 2.77845E-2 0.171

5 4 1.63021E-3 0.671

6 5 5.34107E-4 1.42

7 6 2.70943E-5 3.822

8 7 8.51409E-6 6.927

9 8 3.5382E-7 14.758

10 9 1.07207E-7 25.678

Table 3: Root Mean Square Error for Example 5.3 .

Number of RMS Error RKM
xi old method [2]

8 3.18851E-03

16 3.7987E-04

32 4.10187E-05

64 4.02599E-06

128 3.47918E-07

Table 4: Root Mean Square Error for Example 5.3 by RKM (old method) .

11
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Figure 3: The rate of reduce RMS error in terms of increasing the number of nodal points in RKM and C-RKM.

Node Absolute Error

-0.9 1.11022E-16

-0.7 1.11022E-16

-0.5 1.66533E-16

-0.3 3.46857E-4

-0.1 1.04485E-5

0 3.57588E-3

0.1 1.04484E-5

0.3 3.46857E-4

0.5 2.22045E-16

0.7 2.22045E-16

0.9 2.22045E-16

Table 5: |u(x)− u12(x)| for Example 5.4 .

reduced 10 times. However, the results in Table 4 show that, in the RKM, decreasing this rate of
error (10 times) depends on doubling the number of nodal points. Also, comparing the results of
these two tables shows that the error in our method(C-RKM) with 9 nodal points is about three
times smaller than that of the ordinary method with 128 nodal points. This strongly suggests that,
again, the sole dependence of convergence on the number of nodal points is dropped in C-RKM.
Numerical solutions presented in Table 5 are obtained from C-RKM with only 12 nodal points. Our
results are acceptable compared to the results of [18] with 200 and 400 points.

6 Conclusions

In this study, we developed a Chebyshev-based reproducing kernel method (C-RKM) for efficiently
solving two-point boundary value problems. The proposed approach retains the essential theoret-
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ical strengths of classical reproducing kernel methods while addressing two common limitations:
the heavy dependence on dense nodal distributions and the computational cost associated with
repeated orthogonalization. By constructing the reproducing kernel using shifted Chebyshev poly-
nomials that satisfy boundary conditions intrinsically, we established a dynamic solution space that
evolves with the polynomial degree m. This flexibility allows for accurate approximations using
relatively few nodal points, without compromising convergence or stability. Numerical experiments
confirmed the theoretical advantages of C-RKM. Compared to conventional RKM techniques, our
method consistently required fewer nodes and yielded significantly better accuracy, particularly in
problems featuring singularities or internal layers. The rapid error decay and low computational
overhead make C-RKM a promising tool for practical applications in applied mathematics and
engineering. Future work may explore extending this framework to higher-order boundary value
problems, systems of equations, or multi-dimensional domains using tensor-product Chebyshev ker-
nels.
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